
Lecture January, 28, 2013

Review:

• Distribution function, FX(x), density function fX(x), probability func-
tion PX(x).

• Expectation E[g(X)], moments.

• Taylor expansion:

g(x) = g(a) + g ′(a)(x− a) + 1
2!g
′′(a)(x− a)2 + 1

3!g
′′′(a)(x− a)3 + . . .

• When a = 0 we have the Maclaurin expansion.

• A particular case we need:

et = 1 + t+ 1
2! t

2 + 1
3! t

3 + 1
4! t

4 + . . .

• Characteristic,
ψX(u) = E[eiuX ]

and moment-generating,

ϕX(u) = E[euX ]

functions. Relationship to moments.

• Convergence in probability, convergence in distribution (“in law”) and
the Central Limit Theorem (CLT).

• Newton’s binomial formula:
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)
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1

)
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)
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n
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a0bn

(Remember:
(n

x

)
= n!

x!(n−x)! .)

Binary distribution, b(p):

• Simplest possible distribution for a two-state random variable.

• Probability function:

X =
{

1 with probability p
0 with probability q = 1− p

1



• 0 and 1, conventional labels: could be heads/tails, success/failure,
life/death, yes/no, etc.

• Quite easily E[X] = p, Var(X) = pq. (What is the largest possible
variance?)

• The characteristic function is ψ(u) = E[eiuX ] = q + peiu (if you prefer
the moment generating function, it would be ϕ(u) = E[euX ] = q+peu).

Binomial distribution, b(p, n):

• X ∼ B(p, n) if X = X1 + . . .+Xn and Xi i.i.d as b(p).

• Examples of common situations which can be described in terms of the
binomial distribution.

• What is the probability function? Two ways:

– Simple combinatorial argument: PX(x) =
(n

x

)
px(1− p)n−x.

– Use the characteristic (or moment-generating) function:

ϕX(u) = ϕX1(u)× · · · × ϕXn(u) = (q + peu)n

We have:

ϕX(u) = PX(0)e0 + PX(1)eu + PX(n)enu = (q + peu)n

and equating coefficients after applying Newton’s binomial formula
to the right hand side gives again the previous answer.

• If X and Y are both binomial, independent, with the same first param-
eter p and second parameter n1 and n2, the sum X+Y ∼ b(p, n1 +n2).
Why?

Reading. For the review probability items, any text you may have used in
the previous course, or if you want something in English [2]. For the binary
and binomial distribution, [1] § 7.3 and 7.4, or [3], Chapter 25.
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