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Abstract

We addressheproblemof completingtwo fileswith recordscontaininga
commonsubsebf variables.Thetechniquenvestigatednvolvesthe useof
regressionand/or classificationtrees. An extension(the “forest-climbing”
algorithm) is proposedto deal with multivariate responsevariables. The
methodis demonstratedn arealproblem,in whichtwo surneysaremeiged,

andshown to befeasibleandhave somedesirableproperties.
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1 Intr oduction

1.1 The problem

Ourstartingpointaretwofiles, A andB with atotalof N = N4+ Npg obsenrations
andthefollowing structure:

File A File B

Xi,...,Xp | Yh,...,Y, | unknavn Xi1,...,Xp | unknown | Zi,..., Z,

In the problemthatmotivatesthis researchthistwo files containdatafrom two
samplesuneys which sharea commonsetof questions.The populationsampled
is assumedo be the samefor bothsuneys. VariablesX, ..., X, arethusknown
for all N casesBeyondthis commonsetof variables eachfile containsalsodata
onaspecificsetof variables:Ys, ..., Y; andZ,, ..., Z, in our notation.

In this paperwe dealwith the problemof imputing the missingvaluesin the
files Ay B, usingthevaluesof thecommonvariablesXy, ..., X,. In otherwords,
if wethink of thedataarrangedn atablesuchasFigurel, we addressheproblem
of imputingthenonshadedhreas.Thegoalis to createa datasetascloseaspossi-
ble to whatwould have beenobtained hadwe hadthe chanceto gathercomplete
informationon variables( X, Y, Z) for all N cases.

It is clearthatwe canonly hopefor limited successinasmuchasthe dataset



Figurel: Datasetin atwo suney linking problem.

Xn ... Xy | Yu ... Yy
: : : : a imputar
Tingi e o | Tt eee T
XNat1,1 oo XNa41p ZNa+11 - LNpilg
: : a imputar : :
Ting  ees Xy Ting  oee iy

doesnot provide informationon the intrinsic relationshipamongY” and Z given
X. Ontheotherhand,therecovery of thevaluesof Y and Z might be very poor
usingonly the informationin X. Nonethelessthe savingsrealizedby creatinga
completedatasetby imputationcanbe tremendous.In mary casesan existing
datasetwith the structuredepictedin Figurel is all we have, andthe possibility
of further samplingcompletedataon (X,Y, Z) simply doesnot exist; in those
casesjmputationis the only way to go. Eitherway, the problemis of practical

importanceandhasreceved a gooddealof attention.

1.2 The application

TheEPT-93 (Sunwy of Time Uses),compiledby the EUSTAT (Basqudnstituteof
Statistics)js asurney comprisingresponsesf 5040individualswhich wereasled
aboutthetime devoteddaily to differentpurposesgroupedby usin 24 catayories.
Thefield work wasdonein the Fall of 1992andSpringof 1993;referto EUSTAT

(1997)for adescriptionof the suney.



Ideally, eachindividual shouldanswerthe suney both on working and non
working days;but whenindividualswere asked to compilea daily breakdavn of
their usesof time for a periodoneweeklong, it wasfound thatthe quality of the

diaries

“ ... decreaseastheweekgoeson,incompletediariesproliferate,
andthe suney cannotbe carriedout without a substantiaimonetary

reward”

In the end, single day questionnairesvere administeredfo be completedfor
a specificday of the week. We thereforehave 2521 individuals who answered
on working days(in file t r abaj o. dat ) and2519who answeredn weelend
days(in file f i est a. dat ). Theinformationon thesetwo setsof answersom-
posefiles A andB in the notationof Sectionl.1. In eitherfile we have answers
to a commonsetof characterizatiovariablesXy, . .., X, andtheninformation
regardingthe useof time in a working day (variablesYi, ..., Yy, in file A) or a
weelendday (variablesZy, ..., Z,, in file B).

It is then of interestto createa single datasetfrom files A and B, andthe

methoddescribedn Sections3 and4 will be usedfor thatpurpose.

1.3 Outline of the paper

Section2 describesvery briefly someof the technigueghat have beenusedfor

suney imputationor file matching,and provides somepointersto the literature.

lQurtranslation.SeeEUSTAT (1997),p. XII.



Sections3 and 4 introducethe proposedmethod,againstthe backgroundof the
existingtechniquesSection5 demonstrateis feasibilityanduse.Sectioné shavs
the performancef treesin simplesimulatedexamples.Someconcludingremarks

in Section7 closethepaper

2 Surveylinking techniques

A shortdescriptionof imputationtechniquesndsomepointersto theliteratureare

givennext. Theinterestedeademayalsoreferto Nordholt(1998).

2.1 Regressionand the EM algorithm

A quite naturalideais to usethe caseswith completevaluesof variables(X,Y")
or (X, Z) tofit regression®f Y on X andZ on X, andthenusetheseregressions
to imputethe missingvaluesby Y or Z. This ideagoesbackat leastto 1960, (see
Buck (1960)for anearly proponent).

The implied assumptionsvhen using regressionin this mannerare: i) Con-
stang of the relationshipamongthe predictorsX andtheresponsei both sur
veys, andii) Null partialcorrelationof Y andZ given X. Obviously, agoodfit of
theregressiormodelsis alsorequired for theimputationto beary good.

It is importantto realizethat evenif the above assumptionare justified, the
imputedvalueswill lack the variability of the genuinevalues: we arereplacing
unknavn valuesaboutthe regressiorhyperplaneby imputedvalueson the hyper

plane.This hasto be correctedor takeninto accountn ary subsequerdnalysis.



TheEM algorithmadwcatedn Dempsteetal. (1976)(seealsoRubin(1991))
providesan easy iterative way to maximizethe likelihoodfunction of incomplete
datain awide variety of settings.

In orderto usethe EM algorithmwe have to specifya likelihood, which re-
guiresinformationor an hypothesisaboutthe generatingnechanisnof the data.
Theimputedvaluesaremaximumlik elihoodvaluesgiventhedata,andsuffer from
the samedack of variability thanthe regressiorimputedvalues—in fact,whenthe
distribution underlying(X,Y, Z) is multivariate normal, the imputedvaluesare

linearregressiorfits.

2.2 Nearestneighboursand deckreplacement

Another commonideais to replacethe missingvaluesin one caseby thoseof
anothercasdan somesenséclose”to it, accordingo apredefinedotionof “close-
ness’in thespaceof commorwvariablesX . ForinstancetoimputeY; = (Yj1,...,Y,
forje {Ns+1,...,N} wecoulduseYj =Y; for some; € {1,..., N4} such
thatX; ~ X;. Thisgivesriseto avarietyof flavoursof thenearesheighbouridea,
dependingon how we defineproximity in thespaceX of the X variables.
Sometimes;closeness’means'closein thecarddeck”, reflectingthe practice
of replacingthe missingvaluesin onecasewith thoseof the casenext to it in the
computercarddeck—areasonabl@roceduréf theorderin thedeckreflectsgeo-
graphicalcontiguity or otherwisesimilarity amongcases.Seefor instance(Little

andRubin, 1987,p. 60).

Jq



In spite of their simplicity, deck replacementmethodshave advantages:the
imputedvaluesdo not suffer from the lack of variability that afflict the regression
imputedvalues.Also, theimputedvaluesbelongto someothercasein thesample,

hencearerealisticandinternally coherentWe will turnto thisissuelater.

2.3 Factorial techniques

Therehave beenvariousproposalf methodso uncover the relationshipamong
Y andZ in settingdike ours. Aluja andRius (1994)andAluja etal. (1995)shav
how to projecttheinformationin onesuney ontothefactorialplanesobtainedrom
the other usingtechniquesuchasmultiple correspondenceanalysisandprincipal
componentanalysis. While thesetechniguescan concevably be usedto obtain
imputedvaluesfrom the projectionswe think their mainadvantageis their ability
to provide visualaccesdo the structureof the problemat hand.

Similar andcloselyrelatedmethodsare Dear’s principal componentsnethod
and Krzanawski's singularvalue decompositiormethod: seeBello (1993)for a
shortdescriptionand referencesand a simulationstudy comparingtheir perfor

mance.

2.4 Neural networks

Artificial NeuralNetworkshave shavn greatusefulnessn mary problems asuni-
versalapproximatorsThey areideally suitedto modelcomple relationshipsvhen

thereis no clearchoiceof a parsimoniousnodel. Useful monographsre Ripley



(1996)andBishop(1996). Nordbotten(1996)and VillagarciaandMufioz (1997)

areexamplesof usesin suney imputation.

2.5 Multiple imputation

Not animputationtechniquejs rathera methodthat canimprove mary of them:
Little and Rubin (1987) corvincingly shaws its rationaleand benefits. Seealso
Rubin(1986).

Theideais to generatenot onebut severalcompletedatasetsby imputation.In
our setting,we would createseveral matricessuchasthe onein Figurel, sharing
the shadedareasbut with differentimputationsfor the missingdata. We canthen
perform several classical,completedataanalysis,and comparethemto have an

ideaon how muchtheresultsvary dueto randomfluctuationin theimputation.

3 Imputation usingregressionor classificationtr ees

We proposethe useof regressiorand/orclassificatiortreesto imputemissingval-
ues.Usingtreeshasa numberof advantagesit givesa unifiedtreatmenbf contin-
uousandcateyorical variables providesusefulbyproductgo assesshe goodness
of fit andmakesmultipleimputationeasy Treesalsohave well known adwantages:
flexibility, few assumptiongelative insensitvity to outliers,etc. Theseminalbook

Breimanetal. (1984)describesheseadwantages.



3.1 Univariate Y and Z

Considerthe simplestpossiblecasein which we have p commonvariablesX and
g = r = 1, i.e. thereis only onespecificvariableto imputein eachsuney (referto
Figurel, p. 3). Thecase(usuallymorerelevantin practice)g > 1, r > 1 istaken
upin Section3.2,andamethodis proposedn Sectiord.

Let X bethe spaceof all possiblevaluesof X. Theideais to build two par
titions of X suchthatin eachclassof thefirst (respectiely, second)we have like
valuesof Y (respectiely, Z). Sinceno restrictionsareimposedon the kind and
distributions of the variables the CART methodologydescribedn Breimanetal.
(1984)seemsa goodway to build suchpartitions,growing onetreefor eachspe-
cific variable.Then,to imputea casewe dropit down therelevanttreeandlook at
theleave whereit ends.Thisis formalizedin Algorithm 1, pag.10.

Noticethatthe methoddescribedendsitself quitewell to multiple imputation,
sinceeachcasewill normally endin a terminal nodewhich containscaseswith
morethanonevalueof Z (or Y). Thus,we cansampleamongthemat randomto
createmultiple imputations.We canalsoimpute usingthe mean,median,etc.,or
modein the caseof catejoricalvariables.

It is worth mentioningthat Algorithm 1 canbe seenasa regressionmethod
—only atreereplacegamiliar linearor nonlineamregressionwith bothadwantages
anddisadwantageslt canalsobe seenasa nearesheighbourmethod.But, while
anearesheighboumethodusing,for instance Mahalanobiglistancen the space

X, would disregardthevaluesof theY (or Z), hereadifferentnotionof proximity
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Algorithm 1 — Univariateimputationusingtrees.

1. Build atreeYx “regressing”Y onthe X, usingcrossvalidationandobser
vations: = 1,...,N4. Let)y,..., ), theleavesof saidtree,and) the

partitionthey form.

2. Build atree Zx “regressing”Z onthe X, usingcrossvalidationandobser

vationsi = Ng +1,...,N. Let Z;,..., Z;, betheleavesof saidtreeand Z
the partitionthey form.
3. Toimputethevalueof Z for acasewith i € {1,..., N4}, dropit down the

treeZx. If it fallsin theleave Z5;), weimputeZ asafunctionof thevalues

Z obseredin thatleave.

Do likewise to impute Y for the casesin which suchvariableis missing

(i€ {Ns+1,...,N}).
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is used. A caseis “near” anotherif both happento fall in the sameleave when
droppeddown therelevanttree. Thus,the notion of proximity useddoestake into
accounttheresponseariable. This is quite important,andis further discussedn

BarcenaandTusell(1998).

3.2 Multi variate Y and Z

Whenwe attemptto generalizéhe methodto multivariateY andZ (¢>1 andr>1),
we stumbleupona pitfall. We would like a methodto constructreespartitioning
the X spacdan suchaway thateachclasscontaindik e valuesof the (multivariate)
responsebut thereis nouniquewayto definelikenessn amultidimensionaspace.
A possibility is to useKullback-Leibleror a similar measureof discrepang as
in Ciampi (1991), but this requiresa model for the distribution of the response
variables.

Oneobviousway outis to usedifferenttreesto imputeeachof the variablesn
Y (or Z), effectively turning a multivariateprobleminto ¢ (or r) univariateones.
This is clearly undesirablefor it disregardsrelationshipghat may exists among
component®f Y (or Z). Eventually nonsensicaimputationsmight be produced
which fail to complylogical or arithmeticconstraintgdhatwe know musthold. In
theapplicationshavn belon (EPT- Suney ontheUsesof Time)we mightproduce
for somecasesmputationswhich do notaddup to 24 hours,asthey should.

To circumwent suchproblem, it is desirableto impute all variablesfor each

case; atonce,takingthevaluesof anobsered“similar” case.This automatically
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guaranteesonsisteng of theimputedvalues,andis acommonlyacceptedvay to
proceedseelejeune(1995),pag.140andLebartandLejeune(1995)in this con-
nection.)Sectiond describeghe methodwe proposdor multivariateimputation.

4 A method for multi variate imputation

4.1 Notation and description of the method

To simultaneouslyimpute Y; = (Y;1,...,Y;,) we usethe univariatetreesyg)
constructedor eachof the variablesY;, j = 1,...,q, asdescribedchext andfor-

malizedin Algorithm 2. In the interestof brevity we addresghe problemof im-
putingthevariablesn Y'; to impute Z we proceedik ewise.

Let the nodesof eachtreebe numberedandlet y,(j) bethe k-th nodeof tree
ygg'). We usey,gj) to denotethe node, the subsetof casesendingin, or going
through,that node,andthe correspondingegion of X. For instancelet ¢ = 2
(i.e., therearetwo variablesY; e Y; in suney A) andlet thetreesyg) andyﬁf)
have the simpleform depictedin Figure2. Then,all casedn thetrainingsample
with X7 < a will endupin nodeyél) whendroppeddown thetreeconstructedor
variableY;; the correspondingegion yél) of X is shavnin Figure3.

For eachg-tuple (o4, . .., aq) suchthato; (j € {1,...,q}) is thelabelof a

nodein treeyg), we define
Corpag = YOI NYIN...nYY. 1)

Finally, let nodey((%)lk) bethe“father” of nodeyg,;) in treeyg). Whenthereis no
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Figure 2: Treesygcl) and;)ig?). Next to eachnon terminal nodeis the condition

whosefulfillment sendsa casethroughtheright son.

ambiguityaboutthetreereferredto, we will simply referto nodes(1 ay) anday.

Considemow casei, (: € {Na+1,...,N}), for whichanimputationof Y; is
sought.Assumethatwhendroppingthatcasehroughthetreesbuilt for eachof the
variablesin Y, it endsin thelea/esyi(ll), . ,y}j) andhencebelongsto C;, ... ;, -
Thesimpleideain our methodis to imputeY; asafunctionof thevaluesY from
casesn thetrainingsampleffile A) whichalsobelongto C;, . ;.. Thosecasedhave
valuesfor eachvariableYi, . . ., Y, which, asfar astherelevanttreescanascertain,
areindistinguishabldrom the onesof the caseto impute.

In the previous example,considera caseto imputes suchthate’ < X1 < a

andX, < b"; it will endin Iea/esyél) andyg) whendroppeddown thetrees)igcl)

andyﬁf). Theintersectiorof thoseleaves,

Co7r = yél) N y§2), (2
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Figure3: Partitionsof the X spacanducedby treesygcl) andyﬁf).
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is shawvn in Figure4. We proposeo imputeY; usingthevaluesof Y obseredfor
casesn thetrainingsamplethatalsofall in Co 7.
As in the univariate Algorithm 1, a variety of optionsexist: to impute using

a’Y sampledrandomlyfrom C;, . usingthe mean,the median,or ary other

<lg?

suitablefunction.

4.2 Details of the implementation

If thereis alarge numberof variables substantiabavings canberealizedby per
formingfirst a principalcomponentnalysis andbuilding treesonly for areduced
numberof sufficiently descriptve components.

A problemmayariseif case; to beimputedbelongsto anintersectiorC;, .. ;,

which is empty;no casesn the training samplebelongto that particularintersec-

tion. Whenthis happensthe intersectiomeedsto be graduallyenlagedto a non
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Figure4: Overlay of partitionsof X inducedrespectiely by treesygcl) and)ig?),

andintersectiorCy 7.

bl
Xo
bII _
Ca
a' a
X1
empty set: startingfrom the leaves y}j), ... ,yi(j) wherei ended,our algorithm

“climbs” the trees,replacingone nodeat a time by its “father”. In doing so, we
have at eachstepa choiceof ¢ treesthatwe may climb —hencethe “forest climb-
ing” name.Thegoalis to chooseat eachstepin sucha way thatthe quality of the
imputationsuffersleast.

Let us seethe heuristicsimplementedn our algorithm,which is onepossible
way of doingit. We referin the following to imputationof variablesY (the Z's
are treatedlikewise). ContinuousvariablesY are assumedput the ideacanbe
generalized.

In the constructiorof trees,nodesaredivided for aslong this improvesthefit
in termsof deviance—for regressiortreesusuallythe sumof squaress used;see

Breimanetal. (1984),Cap.3—. Let R(t) bethe devianceatnodet and R(T") the



16

total devianceof treeT’, definedas

Rit) = > (vi—79,)° ®3)
ict

R(T) = > R(t), 4
teT

whereT is the setof “leaves” or terminalnodesof treeT’ andg, is the arithmetic
meanof valuesof theresponseariablefor the casesn nodet.
For ary of thetreesyg),j =1,...,q,thecostof climbing from nodet,, to its

fathernodet, canbe evaluatedby

No (o 7 )2 Np oo = \2
C(])(th) = Ez:l(yljj\r y]’tp) _Z"_l(y}]\[h nyth) (5)
p
= R(tp)/Np _R(th)/Nh V] = 1;";Qa (6)

where R(t;,) and R(tp) are resubstitutionestimatesof the deviancein nodety,
(from which we considerclimbing) andits fathernodet,, IV, and N}, arethenum-
berof casedn nodest, andt, respectiely, andyj,tp, Y;+, themeansof variable
Y; for saidnodes.

With the previous notation,we canspecifyAlgorithm 2. A few commentsare
worthmaking.First, Algorithm 2 canbeappliedbothto the original variablesor to
ary suitabletransformationsThe motivationbehindusingprincipalcomponentss
to reducethenumberof treesto construct:this speedsip the procesof finding an
intersection But boththefirst andlaststepin thealgorithmareoptional.Principal
componentiave beenusedin theillustrationof Section5.

Secondwhetherwe usethe original variables,principal componentor ary

othersuitabletransformationsthe criterionto choosewhich treemustbe climbed
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Algorithm 2 — Multivariateimputationusingtrees.

1: (optionally) Computethe principal component®f the variablesY to impute

usingthetrainingsample.

2: Constructtreesyg), e ,y§g>.

3: for ¢ € {Casesto impute}do

4. Drop casei down the trees,anddeterminethe intersectionCy, | ..., Of the
Iea/esygll), . ,y&? whereit falls.

5. if Cay,....ap 7 0 then

6: break

7. else

8: while Cy;.....a, = 0 dO

9. Computethe costse® (o), . . ., ¢l () of climbing from the current
nodes.

10: Selectk suchthatclimbing from nodeqy, is of minimal cost.

11: ai < (1 ag); replacenodeqy, by its father

12: endwhile

13:  endif

14:  Imputes fromCy, ... a,-

15: endfor

16: (if required) Reconstructthe original variablesfrom the imputed principal

components
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is scaledependentTherefore we maywantto scalethevariablesto have common

variance or varianceswhich reflecttheirimportance.

5 Imputation in the Survey of Usesof Time (EPT-93)

In thefollowing, we illustratethe conceptsabore linking thefilest r abaj o. dat
andf i est a. dat referredtoin Sectionl.2. Linking thosetwo filescanbeseeras
aparticularcaseof theproblemreferredto in subsectiorl.1,with p=5, ¢ = r =24,

N4 = 2521y Ng = 2519. Eachfile contains,

¢ Commonor characterizatiowariablesX, the descriptionof which is given

in Tablel.
e Specificvariables:daily time in minutesallocatedto activities in Table2.

Thetwo files have beenlinked usingAlgorithm 2. The computatiorhasbeen
performedwith functionsprogrammedisingthe S-PLus languageandprimitives:
seeBecler etal. (1988)and ChambersandHastie(1992)for a descriptionof that
package.

We choseto transformthe variablesto principal componentaind grow trees
onthese As a descriptve measuref the goodnes®f fit we computedherelative
meanquadraticerrorof eachtree.

Therelatve meanquadraticerror RE(T™*) wascomputedby crossvalidation
(seeBreimanet al. (1984)for details),dividing the sumof squareof deviations

with respecto themeanof eachterminalnodeby thetotal “sum of squares’of the
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Tablel: Commonor characterizationariablesX, alongwith their cateyories.

Variable | Description Code | Categories

Xi Age EDAl | Upto 34years.
EDA2 | Between35and59years.
EDA3 | 60yearsandmore.

Xs Sex VARO | Male
MUJE | Female

X3 Marital status | SOLT | Single.
CASD | Married.
REST | Other

Xy Educationevel | PRIM | Primaryschool.
MEDI | Secondangchool.
SUPE | University

X5 Activity SRMI | Military service.
OCUP | Working.
PARA | Unemplyed.
JUBI Retired.
ESTD | Studying.
LAHO | Householdchores.
OTRS | Others.
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principalcomponenti.e., n timestheassociate@igemvalue\:

RE(T") = Rf;). )

Thus, RE(T*) is very muchalike 1 — R? in ordinaryregression.The resultsfor

theY variables(similar resultswere obtainedfor the Z's) areshavn in Table 3.

We maynoticethatthe RE(T™) arein generaljuitehigh,ascouldbeexpected
from the natureof the variablesanalysed. On the other hand,the betterfits are
obtainedfor the first principal componentsalso as expected. For two principal
componentg15 and 24) the CART methodologyproducedno subdvisions, and
hencethecorrespondingreesweredroppedfrom theanalysis.

In this applicationwe optedfor singleimputationusingonecasetakenat ran-
domfrom Cq, .. a,, thefirst non emptyintersection.We kepttrack of how mary
times climbing was necessarybecausedhe intersectionof leaves reachedn the
first instancewasempty Only 33 cases(1.31% of the total) requiredclimbing
whenimputing the variablesY’, and48 caseq1.91%of the total) whenimputing
the Z's. Climbing wasmainly up the treesbuilt for the lastprincipal components
—thelesscostly In afew casesclimbingall theway upto therootof onetreewas
required.

It is usualpracticeto comparethe distributions of the imputedand obsered
variableqseelebartandLejeung(1995)).If all assumptionthatmake imputation
feasibleandworthwhile hold, they shouldnot differ by much. Usually univariate

measuresf locationandscalearecomparedln our caseyesultsof theimputation
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Table2: Specificvariablesmeasuringusesof time. VariablesY, ..., Y, corre-
spondto time usein working daysand Zy, . . . , Zs4 arethe homologousvariables
for holidays.

Variables | Description
Y1, 2, Sleeping.
Y, Z Toilet andpersonakare.
Ys, Z3 Meals.
Y, Z,4 Privateor undescribedctvities.
Ys, Zs Work.
Ys, Zg Learningandeducation.
Y, Z7 Householdchores.
Ys, Zg Shopping.
Yo, Zy Bureaucratior administratie steps.

Y10, Z19 | Partly leisureactvities (seving, painting,sculpture,
fixing thingsin thehouseholdgardeningpetcare...)
Y11, Z11 | Adultsandchildrencare.

Y19, Z12 | Family andsocialmeetinggdmeals funerals,weddings,
hospitalvisits,...)

Y13, Z13 | Time spentwith friends,drinking, talking,

Y14, Z14 | Involvementin political or religiousactiities.

Y15, Z15 | Sportandgymnastics.

Y16, Z16 | Promenadeandoutings.

Y17, Z17 | Leisureathome(watchingTV, listeningto music,..)
Yis, Z1s | Leisureoutof home(movies,theaterconcerts,
museumsandexhibitions, attendancéo sportve events,...)
Y19, Z19 | Otherleisureactvities (micro computersphotography
playing cardsor othergamessolvingcrossverds,...)
Y20, Z29 | Commutingto the placeof work or education.

Y21, Z21 | Spendingime with others.

Yoq, Z9s | Waiting time eitheratwork or education.

Y3, Z23 | Waiting for medicalor administratie attention.

Yo4, Z54 | Otherwaiting times.
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Table3: Relatve meanquadraticerror RE(T™) for thetreesgrowvn ontheprincipal

componentsf theY’s.

Principal component
1 2 3 4 5 6 7 8
0.346 0.695 0.597 0.993 0.802 0.985 0.974 1.000
Principal component
9 10 11 12 13 14 15 16
0.929 1.000 0.985 0.991 0.982 1.000 NA 0.957
Principal component
17 18 19 20 21 22 23 24
0.998 0.946 1.000 0.978 0.972 0.978 0.971 NA
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Table4: Imputationof usesof time in working days. Locationandscalestatistics
for obsered dataandimputeddataof the variablesY . Starredvariablesarethose
for which the meanof the imputedvaluesdiffered from the meanof obsered
valuesby morethantwo standardieviations.

Obseredvalues Imputedvalues

Min. 1 Me T gz Max. | Min. 1 Me y gz Max.
Y1 179 450 499 511.30 559 1214 | 179 450 495 508.50 555 975
Y, 0 20 35 4223 55 295 0 20 35 4190 55 295
Ys 0 75 105 109.90 135 374 0 75 100 109.90 135 374
Y, 0 0 0 0.33 0 105 0 0 0 0.25 0 75
Ys 0 0 0 196.50 455 990 0 0 0 194.70 460 929
Ye 0 0 0 2384 0 760 0 0 0 56.25 0 760
Y, 0 0 75 133.10 235 770 0 0 45 107.60 185 630
Yy 0 0 0 3022 55 355 0 0 0 2534 45 330
Yo 0 0 0 2.73 0 415 0 0 0 3.05 0 240
Y1 0 0 0 16.90 0 634 0 0 0 1381 0 634
Y7 0 0 0 2053 0 735 0 0 0 1571 0 625
Y1y 0 0 0 7.32 0 630 0 0 0 8.90 0 630
Y1 0 0 0 4043 60 510 0 0 5 4735 75 510
Y14 0 0 0 4.64 0 365 0 0 0 5.12 0 350
Y7 0 0 0 6.91 0 315 0 0 0 8.39 0 230
Yie 0 0 0 5483 90 600 0 0 0 5392 90 600
Y17 0 74 140 163.00 225 964 0 65 135 157.70 224 730
Y1 0 0 0 1.48 0 239 0 0 0 2.09 0 239
Yo 0 0 0 10.76 0 405 0 0 0 9.59 0 350
Y20 0 0 0 2048 30 340 0 0 0 2114 30 340
Y5y 0 0 10 3332 50 355 0 0 15 3925 60 355
Y22 0 0 0 1.49 0 165 0 0 0 1.81 0 165
Ya3 0 0 0 0.50 0 165 0 0 0 0.56 0 165
Yo4 0 0 0 0.79 0 75 0 0 0 0.94 0 75

Note: g1, g3 arethefirst andthird quartiles;Me is themedian.

for the variablesY” (similar resultsare availablefor the Z's) aredisplayedin Ta-
ble4. Theimputedvaluesfor Y reproduceeasonablyvell the distribution of
the obsered values,the only exceptionsthat catchthe eye beingY- (“Household
chores”)andYi3 (“Meetingswith friends”).

Ideally, thefull, multivariatedistribution of imputedandobseredvaluesshould

be compared.lt is not possibleto go that far, but one stepin thatdirectionis to
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compareahecorrelatiormatriceof boththeimputedandobseredvalues.Thishas
beendonefor thevariablesY (again,similarresultsareavailablefor the Z's). The
largestdiscrepang amongcorrelationss 0.1124 andoccursfor thecorrelationbe-
tweenYs andYg. Ratherthanembarkin atediouscomparisoroneby one,we can
seethelikenesof both correlationmatricesby looking at Figure5, in which cor

relationsof both obsered andimputedvaluesaredisplayedwith differentshades.

6 Simulations

We tried to gainsomeinsighton the performancef the methodcarryingout some
simulations Wereportbelow theresultsobtainedn threesimplesituationswhich

give aflavour of therest.

6.1 Setupcommonto all problems

Sincetheapplicationthatmotivatedthis researchiequiredthemeging of two files,
the programwaswritten with a datalayoutsuchasFigurel in mind. Therefore,
eachtableshavn below givesresultsontheimputationof variablesY” andZ, which
couldbereportedndependently

A few elementsarecommonto all simulationsreported.The numberof com-
monvariablesX wassetatp = 5. We consideredhe univariatecase(q = r = 1),
andsetthe size of eachfile to megeat Ny = N = 1000. Eachsimulationrun

consistedf onethousandeplicationsof the sameproblem,recreatinghesample,
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Figure5: Pictorial representationf the correlationmatricesof obsered (abore)
andimputed(belaov) Y's. Noticetheuncomwentionalpositionof themaindiagonal,

andthe similarity of bothmatrices.
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growing the treesand performingthe meging of the two files eachtime, using
Algorithm 1.

The specificvariablesY and Z were madeto dependon someof the X's in
variousways,whichincludedsituationsn which atreemayfind hardthedetection
of structure. The specificvariablescontainedalso noise,which wastaken to be

Gaussiawith differentvariancesTo be precisewe simulated

Y = 104 (X3 —4)(Xs—2)+e¢ 8)

Z = 16-X?+X;+v 9)

with € andv zeromeanGaussiarvariables.The partof Y which canberecovered
asafunctionof the X's is shapedike a saddle a difficult surfaceto approximate
by atreewith splitsbasedn thresholdof asinglevariableX atatime (“Is X; <
a?").

We generatedompletedatafor bothY andZ, thendeletedVg andN 4 values
and performedthe imputation. This allows usto comparethe resultsthat would
have beenobtainedwith completedata,andthoseobtainedwith partially imputed
data.Of particularinterestis thecomparisoramongtheestimatedorrelationusing

full data(ry,) andpartiallyimputeddata(,,).
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6.2 Problem1: discrete X, many levels

We considereda relatively large numberof levelsin the variablesrequiringa po-

tentially large numberof terminalnodes.The X's weregeneratecsfollows:

b(p=05n=8) fori=1,2,3,
X; = (10)
b(p=0.5,n=4) fori=4,5.
Two variancedor € andv in (8) and(9) have beenused:1 and25.
Therearetwo variablesrelevantin theapproximatiorof bothY andZ, having
9 and5 levels;anidealtreewould partitionthe X spacen 45 cellscorresponding
to eachpossiblecombinationof X; andXy. In practice treeswith fewernodesare
choserby the CART methodology Table5 displaysthe numberof terminalnodes
of the treesfor Y and Z (|)7X\ and |éX|, respectiely), and the meansquared
residual,computedby crossvalidation(R§7 and RZ') andusinganindependently
generatectestsample(jo‘ and R%). We also reportthe estimatedcorrelations
amongY andZ usingcompletedataandpartly imputeddata.
Theresultsareshavn for thetwo differentvariancesg? = 02 = 1 ando? =
o2 = 25, representate of low andmoderatenoise. For eachstatistic,the mean
(), median(Me), first andthird quartiles(q; andgs) andextremesarereported.
The meansquaredresiduals(Ry or Rz, estimatedeither by crossvalidation or
using a testsample)can be comparedo the varianceof € and v to appraisethe
goodnessf fit.

It is interestingto notethatasthe varianceof the noiseincreasegrom o2 = 1

to o2 = 25, the ability of the treeto pick up structuredegradesdramatically:the
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numberof leaves of Yx dropson the averagefrom 20.8to 10.3. The opposite
seemdo betrue for the Zx tree. While the fit of the x is quite good, with the
estimatedneansquaredesidual(R§; and RZ) only about15% above a2, thisis
notsofor the Zx tree.However, ry, is still acceptablyecoveredby 7, estimated

from partially imputeddata.

6.3 Problem2: discrete X, few levels

Next we considerarelatively smallnumberof levelsin thepredictorsX . The X's

weregeneratecsfollows:

b(p=05n=3) fori=1,2,3,
Xi = (11)
b(p=0.5,n=2) fori=4,5.
The resultsare shavn in Table6. The ideal tree would require 12 nodes,since
thereare12 differentcombinationsf valuesof X; andX,4. Thetreesconstructed
areindeedsmallerthanin Problem1 above. The samepatternsrecur though,in
thatanincreasen the varianceof the noisebringsabouta decreasén the number

of nodesfor YVx, unlike in thecaseof Zx. Thecorrelationbetweerbothvariables

is againacceptablyrecovered.



Table5: Resultsn onethousandeplicationsof Probleml.

Statistic

Vx|
|Zx|
Ry
Ry
Ry

ts
Rz

Vx|
|Zx|
Ry
Ry
Ry

ts
Rz

Min. q1 Me x qs Max.
ol=02=1
16 19 20 20.8 22 35
10 11 11 11.38 12 13
1.01 1.12 1.16 1.16 1.20 141
0.954 1.10 1.14 1.15 1.19 1.48
11.05 13.00 13.55 13.56 14.08 15.84
10.25 12.82 13.43 13.52 14.15 22.56
-0.4400 -0.3821 -0.3652 -0.3652 -0.3483 -0.2930
-0.4906 -0.4320 -0.4129 -0.4128 -0.3938 -0.3221
ol=02=25
3.0 7.0 11.0 10.3 13.0 28.0
14.00 17.00 18.00 18.22 19.00 22.00
23.29 25.38 26.26 26.33 27.19 30.42
21.76 25.47 26.24 26.30 27.08 31.32
26.96 30.34 31.37 31.40 32.47 37.67
26.24 29.90 31.08 31.21 32.54 38.89
-0.22740 -0.17270 -0.15710 -0.15650 -0.14030 -0.07153
-0.34330 -0.23680 -0.20880 -0.20910 -0.18190 -0.06886
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Table6: Resultsn onethousandeplicationsof Problem2.

Statistic

Vx|
|Zx|
Ry
Ry
Ry

ts
Rz

Vx|
|Zx|
Ry
Ry
Ry

ts
Rz

Min. q1 Me x qs Max.
ol=02=1
7 9 10 10.5 11 20
9 11 11 11 11 12
0.8742 0.9878 1.0190 1.0190 1.0510 1.1570
0.8727 0.9901 1.0190 1.0210 1.0510 1.2750
0.9451 1.1540 1.2130 1.2180 1.2870 1.5370
0.8622 1.1220 1.2030 1.2100 1.2840 1.8300
-0.4212 -0.3680 -0.3545 -0.3545 -0.3420 -0.2888
-0.4807 -0.4160 -0.4008 -0.4000 -0.3832 -0.3115
ol=02=25
2.00 4.00 5.00 5.42 7.00 20.00
7.00 11.00 13.00 12.96 14.00 31.00
21.84 24.69 2541 25.45 26.23 28.85
21.96 24.79 25.48 25.54 26.28 31.34
21.39 24.96 25.76 25.76 26.54 30.05
21.45 24.95 25.72 25.77 26.58 30.20
-0.14270 -0.09637 -0.08099 -0.08046 -0.06597 -0.01067
-0.23150 -0.14810 -0.12400 -0.12380 -0.09825 -0.00281
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6.4 Problem 3: mixed X, correlatedpredictors

Next we considerpredictorsX eitherdiscretewith a moderatenumberof levels

(nine) or continuousandcorrelatedgeneratedsfollows:

b(p=05n=8) fori=1,23,
X, = X, 30 20 (12)
( ) ~N(0,%) withs = ( )

X5 40

This is a situation particularly difficult to handleby a tree, and indeedthe re-
sultsin Table7 shav substantiallydegradedperformanceThe meansquarecderror
nowhereapproachethe varianceof the noise;in the caseof the Zx treeis much
larger Interestinglyenough,r,, is againrecoseredquite acceptablywhichillus-
tratesthe factthatif Y and Z dependon the X’s andhave no partial correlation
betweenthem,the correlationcanbe well approximatedevenif the variablesare

not.

7 Summary and conclusions

A newv methodfor imputationhasbeenpresentedindits feasibility demonstrated
on a real dataset. It cancopewith a large variety of problems,becausef the
generalityof the tool usedfor approximation—classificationor regressiortrees.
It makesfew assumptionsis computationallyfeasible,andappeardo give good
results. Simulationsseemto confirm this; the methodworks well wheneer the
commonvariablesX aregood predictorsfor theY’s and Z’s andthe functional

relationshipamongpredictorsandresponsesanbereasonablyvell approximated



Table7: Resultsn onethousandeplicationsof Problem3.

Statistic

Vx|
|Zx|
RS
Ry
Ry
R%
Tyz

fyz

Vx|
|Zx|
RS
Ry
Ry

ts
Rz

fyz

Min. q1 Me X qs Max.
ol=02=1
16.00 19.00 20.00 19.77 21.00 25.00
13.00 16.00 17.00 16.82 18.00 21.00
2.869 3.889 4.385 4.588 5.043 10.340
2.688 3.806 4271 4.439 4849 17.880
31.46 60.48 72.57 78.57 89.37  322.70
29.36 55.20 67.90 73.73 86.12 275.60
0.1567 0.2947 0.3303 0.3304 0.3698 0.4709
0.08066 0.30430 0.35040 0.34820 0.39660 0.53280
ol=02=25
11.00 18.00 21.00 21.36 24.00 39.00
15.00 21.00 22.00 22.29 24.00 30.00
25.48 28.83 29.97 30.10 31.21 39.59
25.06 28.64 29.68 29.87 30.95 43.92
49.06 77.45 89.22 9556 106.40 335.20
47.51 71.57 85.14 90.57 104.10 294.10
0.1130 0.2122 0.2382 0.2384 0.2671 0.3668
0.02346 0.23830 0.28010 0.27580 0.31520 0.45500
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by atree.

We seeroomfor improvement speciallyin theclimbing stratey, attheexpense
of increasedompleity andcomputationaburden. Our work proceedslongthis
line. Furtherwork is alsorequiredin comparingour methodto otherflexible, all-

purposanethodof imputation,like thoseusingneuralnetworks.
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