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Abstract

A permutatiortestfor the white noisehypothesids describedpffering power against
ageneraklassof smoothalternatves. Simulationresultsshaw thatit performswell, as
comparedvith similar testsavailablein theliterature,in termsof power. An example

demonstratess usein a particularproblemin which atestfor randomnessassought
withoutary specificalternatve.

Keywords: randomnessserialindependencegermutatiortests;com-
puterintensive tests;smoothingcomplexity.



1 Introduction

With widely available cheapcomputingpower andthe parallelimprovementin algo-
rithms,approachethatwould have beeninfeasibleafew yearsbackarenow within the
reachof the desktoppersonatomputer This papempresentoneexample.We propose
to testthenull hypothesi™ = m + e wherem is aconstanande randomnoiseversus
Y = f(z) + ¢, wheref(.) is afunctionrequiredonly to be“smooth’ Theteststatistic
canberegardedasa penalizedyoodnessf fit criterion. If thefit is significantlybetter
thancould be expectedfor randomnoise,thenull is rejected.Significances assessed
by meanwf a permutatiortest.

The structureof the paperis asfollows: Section2 introducesnotation, standard
methodsandresultsin smoothingand describeghe test. Section3 reviews somere-
latedtests,which thenarecomparedo oursin a smallsimulationin Section4. More
extensie resultsareavailablefrom the author:we have tried to summarizeheresults
in afew typical situations.Section5 endswith someremarksaboutthe proposedest.

2 Thetest

Let (y;,2:),% = 1,...,n be a samplefrom a bivariate variable, and assumethat
Y = f(z) + ¢, wheree~(0,02). LetyT = (y1,...,yn) Thedesignpointsx? =
(z1,...,z,) areassumedixed. Usually they will be equispacegoints, but this is

not a requirement.If f(z) werea linear function of z we would have the standard
linear modelwith oneregressor;but a muchmore flexible classof functionscanbe
postulatedrequiringonly regularity conditionssuchascontinuity of f(.) andperhaps
of someof its derivatives.

Severalmethodshave beenput forward for the estimationof f(.). Kernelestima-
tors approximatef (z) by a weightedaverageof the valuesy; for z; “close” to z. A
bandwidthparametei controlsthe weights—seefor exampleHart (1997)or Hardle
(1990)amongmary comprehensiereferences.

Splinesprovide a different(althoughnotunrelatedseeSilverman(1984))smooth-
ing method.A cubicsplinewith nodesat i, ... , 1y is a piecavise polynomialwith
first two continuousderivatives and a third derivative which is constantwithin each
interval (¢;,1;+1). It canbeshown thatthe minimizerof

n

Ly,xXg) = (i —g(@i)> + A / 16" (@) de 1)

i=1

over functionsg(z) with two continuousderivatives, is a cubic spline with nodesat
(z1,...,2,). Thefirsttermin (1) requiresg(x) to passcloseto the points (z;, y;),

while the secondpenalizeddeparturesrom linearity, thusforcing g(z) to be smooth.
The parameten\ takesup therole of A in kernelestimatorsandspecifiesthe desired
trade-of betweengoodnesf fit and smoothnessWe canchoose) from the data,
apopularmethodbeinggeneralizectross-alidation(GCV) —seeCravenand Wahba
(1979).We denote) ., thesmoothingparametechoserby GCV, and

Lgey = m;nL(y, X, Agevi 9) 2

the correspondingninimumvalueof (1).



Both kernelsandthe minimizer of (1) give smoothedestimateof theform y =
S\y, whereSy is a matrix dependentn the smoothingparametei(A or ») andthe
designpoints,but notony.

We areinterestedn testing:

H(): Y:m+e
versus H,: Y = f(z) +¢,

wheree is white noise,m is aconstantand f(z) is only requiredto be “smooth” Our
alternative thenincludestrendsandfluctuationswith changingamplitudeand phase,
amongothers.

In the absencef ary pattern,the sequencegy;} shouldfluctuaterandomlyabout
a fixed level. If we fit a cross-alidatedsplineto (y;,z;), 1 = 1,...,n, the fitted
curve shouldbe nearlya straighthorizontalline: in a sensea curve of lowestpossible
compleity, becausehereis no structureto adaptto. On the otherhand,underthe
alternatve, thesplinemightpick upthesmoothfunction f () andhencedisplaygreater
compleity.

A naturalideathenis to measurehow muchthe compleity of the fitted spline
deviatesfrom what would be expectedwhenfitting white noise. If the deviation is
sufficiently large,we would rejectthe hypothesiof white noise.

Thesmoothingparametechoserby generalizedross-alidation, Ay, canbere-
gardedasaproxy for thecomplexity of thefitted spline,andusedasateststatistic:the
larger Agcy, the smoother(“less compled”) the curve is. We could alsouse tr(S,)),
the numberof “equivalentparameters”asa teststatistic: seefor exampleHastieand
Tibshirani(1991)for therationaleof equatingtr(S,) to the numberof equialentpa-
rameters.

As analternatve,andmorein keepingwith theideasin Rissaner{1989)on mini-
mumdescriptionengthmodelling(MDL), we canuseasateststatisticL g, , defined
in (2). Thefirst term measureshe deviation of the datafrom the fits andthe second
the compleity of the “model” —herea non-parametrione. Besidesbeingeasierto
rationalizeasa penalizedyoodnes®f fit criterionor analogto aMDL criterion, Ly
hasalsobeenfoundpreferableo Ag, in termsof performancel ., is veryunstable.
In thefollowing wereferonly to L, .

Othercriteriafor choosing\ canbeused beside<sCV. Hurvich etal. (1998)give
a detailedcomparisorof severalsuchcriteria. Usingtheir notation,all of themcanbe
writtenin theform

log(6?) + ¢(H) 3)

wheres? is the meansquareresidual H is the smoothingmatrix (our Sy ), and¢(H)

the penaltyterm. GCV minimizes(3) with ¢(H) = —2log(l — tr(H)/n), while
a nonparametriaersionof AIC (assumingnormality) uses¢(H) = 2tr(H)/n and
Rice’s T criterionuses¢(H) = —log(1 — 2tr(H)/n) (seeRice (1984)). Criterion
AIC ¢, amodifiedversionof AIC, usesp(H) = 1 + 2(tr(H) + 1)(n — tr(H) —2)7!

(seeHurvich et al. (1998)). Fitting a splinethatminimizes(3) for differentchoicesof

¢(H) above givesdifferent“optimal” smoothingsandcorrespondingninimumvalues
L, ¢, Ly, etc. thatcanbeusedin placeof L, in thetest. All four criteriagive very
similar resultsin the simulationreportedbelow.

In orderto obtainayardstickagainswhichto measurehevalueof theteststatistic,
we resortto resamplingafter permutation.Sincefor realisticsizesof n completeenu-
merationof all then! permutationss out of the questionwe simulatea few hundreds
or thousandsTheproposedestis thereforedescribedasfollows:



Per mutation test.
1. Forthegivensample(y;, z;), i = 1,... ,n computeLgc,, .
2. Fork=1,..., K dothefollowing:

(a) Shuflethey; to generatdyy;), z;), wherek(i),i = 1,... ,n,isarandom
permutatiorof thefirst n integers.

(b) Fitacubicsplineto the (yx;), z:) andcomputeLE;kgv

3. Rejectthe hypothesiof randomnesat the approximatel 00a% level of signifi-
canceif Lgq, isamongthe |aK | smallestLg“gV.

3 Rédated tests

Thereis an extensve literatureon nonparametriemoothingandlack of fit tests: see
for instanceHart (1997). Among the earlierproposalds von Neumann(1941). The
von Neumanrratio

n—1

> (irr —vi)*/5% 4)

=1

wheres? is the samplevarianceof theyis, canbe usedasa testfor white noisewith
goodpower againstsmoothalternatves.

Raz(1990)proposestestfor no-efectin anonparametricegressiorsettingsome-
what differentfrom ours. He considersa situationin which bothm ands? areknown
without errorwhenthe null hypothesiof no effectis true. Defining

@ = > (fw)-7) ©)

@ - Y (%-iw) ©
i=1

% = Y (-7), @

i=1

he goeson to defineby analogywith the usuallinearregressiorstatisticsthe general-
izedstatistics

o= (n—g1)@Q1/[(g1 — 1)(Q3 — Q1)] (8)
F, = gi(Q:—Q2)/[(n—gi —1)Q:], 9)

whereg; = tracgS,S,7) andg; = trace[(I — 8T = S»)"|. In linearregression,

with thesmoothingmatrix S, replacedy thefamiliar‘hat” matrix H = X (XTX)~1 X7,
g1 = p, thenumberof parametersg; = n — p andboth F; and F; reduceto theusual



F teststatistic. Raz(1990) usesasa teststatisticR = @1 /02, amonotonicfunction
of F} whosedistribution is easierto approximateIn thelinearregressiorcaseunder
the null hypothesif no effect, R would follow a chi squaredistribution. In thenon-
parametricasejts distributionis approximatedy a scalecchi squareoy matchingthe
first two momentgo thoseof R (which, in the situationstudiedby Raz(1990),canbe
computedexactly).

Oneimportantdepartureof our testfrom Razs, besideghe useof a differenttest
statistic,is thatRaz(1990)considersa fixedamountof smoothingwhile we optimize
thesmoothing.Thiswould affectthedistribution of Razs R statisticmuchin thesame
way thatchoosinghebestmodelin linearregressiorrenderdnadequat¢he useof the
F testfor testingthe no-efecthypothesis.

Buckley (1991)builds on work by Cox et al. (1988)to show thatcusum typetests
arelocally most powerful for a wide classof alternatves. Let E,(z) be the space
generatedby ponnomiaIsEi;(l) arz* evaluatedatthedesignpointsz;, i = 1,... ,n.
To testthe adequayg of a polynomialregressiormodelwe could consideralternatves
givenby

p—1
Y; = > ozl +bf(z:) + e, (10)
k=0
fori=1,...,nandsomef(.) ¢ E,(z). In matrixnotation,
Y = Xa+bdf+e, (11)

whereX isan x p matrixwhosei, j termis x{’l. Undertheassumptiorof normality
theusualF testfor Hy : b = 0 is mostpowerful againsthe alternative (10) especified
by f. If we do not have a specificalternatve, no uniformly mostpowerful testexists.

However, consideringf ~ N (0, V'), alocally mostpowerful testexists (seeCox et al.

(1988)). ChoosingV cornveniently we canimposesmoothnessn f. Buckley (1991)
proposedo useV = R~, whereR = DT D and D is the matrix that takes p-order
differencesi.e.,

Df = VPf. (12)

(We assumeaquallyspacedoints;otherwise divideddifferencesnustbeusedwhich
addssomecompleity but no essentiathanges.)rhen,

n—p
f'Rf = f'DTDf =) (V*f(z:))’. (13)
i=1
Expressionsuchas (13) have beenmuchusedas penaltytermsin splines,and are
areasonablaevay to penalizedeparturerom a p-orderpolynomial (for which (13) is
identicallyzero).
Let B = I, — X(XTX) !XT andD, S be respectiely p-fold differenceand
cusummatricesdefinedby

D = Dpip1---Dy (14)
S = Spip1---5n, (15)



with D,,, S,,, defined(for m > 2) asthe (m — 1) x m matrices

1 -1 0 0 0 1 00 0 0
_ 0o 1 -1 0 0 - 1 10 0 0
Dy, = . Sm =

0 0 0 1 -1 1 11 1 0

Buckley (1991)thenshawsthatthelocally mostpowerful testuseshestatistics% /6%,
where

6% = y'BSTSBy/tu(BSTSB) (16)
% = y'DTDy/tr(DTD) (17)

Moreover, whenp = 1 heshaws therelationshipbetweerhis proposednostpowerful
cusum testandthe von Neumanntest, which canbe expressedasa similar ratio less
sensitve to departuregrom thenull hypothesis.

Aerts et al. (1998) proposea test for goodnesof fit to a parametricfunction,

v(z4;64,. .. ,0,). Basically they considera family of functionssuchas
V@501, 3 0pyr) = Y(@i501,-..,0p) + Y Oprju;(i), (18)
j=1

wherethewu;(z) functionsspana suitablylarge spaceof functions(they couldbe Her-

mite polynomialsor trigonometricfunctions for instance) Their setupis slightly more
comple in thatit includesalink functionwhichis inessentiafor our purposesTo as-
sessthefit of their baselinemodely(z;;61,... ,0,), they proposeto fit modelswith

an increasingnumberof parameterstartingat p, and usea modified AIC criterion

(MAIC) to chooseamongthem. If the criterion choosesa modelwith g > p parame-
ters,thatis takenasevidenceof a substantiableparturdrom the baselinemodel.

Clearly, takingp = 1 and~y(z;;61) = p the proposalin Aerts et al. (1998) spe-
cializesto a methodto testfor randomfluctuationaboutthe meanagainsta smooth
alternatve. The natureof the functionsu;(z), j = 1,...,r, specifythe natureof
alternatves consideredwhich canbe quite general. Their methodtestswhetherthe
inclusion of additionalparameterss justified. In their case thoseparameterappear
explicitly multiplying thefunctionsu; (z), while in our teststatisticthe compleity of
the (nonparametricjmodel” is takenup by the secondermof (1).

The advantagefor the methodin Aerts et al. (1998)is thatthereis distributional
theory(atleastasymptoticto aidin therealizationof thetest,while we haveto resortto
permutation Thedisadwantagesve see(comparedo our method)are:i) Theinclusion
of atermsuchasé, ,u(z) hasaglobaleffectacrossall valuesof X —thetestappears
lessableto pick local departuregrom the baselinemodelthan ours—; andii) The
orderof inclusionof termsin theright handsideof (18) is undefined.lt may happen
thatterméd, ,u,(z) pointsto ahighly relevantdeparturdrom thebaselinemodel,and
yet, if £ is large, the improvementin thefit is not enoughto warrantinclusion of all
termsp1ui(z),. .. ,O0proue().

We cannotattempta completesuney of all relatedtestsin the literature. A good
sourceof pointersis Hart (1997). We alsowould lik e to mentionRamil andGonzélez-
Manteiga(1998)andGonzéalez-ManteigandCao(1993),closein spirit to Raz(1990).
Chapter6 in BowmanandAzzalini (1997) containsalsoa discussioron testsfor the
“no effect” hypothesisagainsta smoothalternatve. Their teststatisticis similar to



Razs. Ratherthanusinga fixed smoothingthey proposeto plot the obsenedp-value
againstthe smoothingparametet for differentvaluesof h. Thusthey obtaina “sig-
nificant trace”, a useful diagnosticof the sensitvity of the p valueto the amountof
smoothingused.

4 Simulation results and an example

4.1 Power simulation

We have performeda simulationstudyto gainsomeinsightinto the performancef the
testandobtainatleasta crudeapproximatiorof its power. In thesamesimulationruns
we computedvariousotherteststatisticsdescribedn Section3, for comparison.The
artificial samples(y;},i = 1,... ,n usedweregenerateasfollows:

Yi = gi+E€, (19)

with g; having oneof thefollowing alternatve definitions(constant is definedbelow).

Sinecurve:
gi = [Isin (%n_l)) (20)
Temporary shift signal:
g = (8(i/n), (21)

where

_ {1 ifz€[0.10,0.20]
o(z) = { 0 otherwise.

Quadratic trend:

1\ 2
gi ={x(21)7. (22)
The constant/ was chosenin eachcaseso asto achieve the desiredsignal-to-noise
ratio, definedas:

n —\2
SNR = 100 x —Ei:l(g; —9)”
UE
Function (20) is meantto exemplify smoothoscillating variation. Function(21) is
taken asan exampleof a suddentemporaryshift, while function (22) is an example
of asmoothtrend. In (19), ¢; is Gaussiamoisewith zeromeanandunit varianceand
1=1,...,n.

Thetestis performedasdescribedn the Section2. Samplesizesn = 128,256 and
512 wereusedtypical of moderatdo fairly largedatasets. The SNRtakesvaluesfrom
0.0t0 0.30in stepsof 0.05,thenupto 0.50in stepsof 0.10. We investigatedhe power
of the testat the corventionalsignificancelevel « = 0.05. Artificial sampleswere
generatedandthe teststatisticscomputed.Theneachsamplewasshufled 100times



andtheteststatistics¥ecomputeaachtime, to obtaintheapproximateeritical valuefor
Lgey (@andL,, ¢, etc.) underthe null of no signal. The procedurevasrepeated.000
timesfor eachtype of sighal, SNRvalueandsamplesize. More extensie resultsthan
reportechereareavailablefrom the author

For the methodproposecdby Aerts et al. (1998),we fit trigonometricpolynomials
of increasingfrequeng, startingwith the lowestfrequeny terms. Sincethey form
an orthogonalbasis,all coeficientsd,; in (18) canbe computedat once. This can
be doneparticularlyfastusingthe FFT algorithmfor n equalto the productof small
primes(hencethe choicein our simulationsof n = 29).

The first four columnsin Table 1 to 3 shav the empirical power obtainedin one
thousandeplicationsusingthe proposecermutatiortestwith four differentsmooth-
ings (which respectiely minimize Ly, Ly e, Lt and Ly,cc). The following four
columnsshow the correspondingmpiricalpower for the othertestsmentionedn Sec-
tion 3. For all teststatistics the power hasbeenestimateccomparingthe teststatistic
with thevaluesobtainedn 100randompermutation®f the sample gxceptfor thevon
Neumanrtest,for which the normalasymptoticdistribution hasbeenused.For Raz’s
test, the smoothingnecessarhasbeenfixed arbitrarily at what we felt a reasonable
value. For samplelengthsof n = 128, 256and512, respectiely £ = 17, 33 and65
contiguousordinateshave beenaveragedwith arectangulakernel.

In Table 1 we seethatthe testin Aerts et al. (1998) givesslightly better power
figuresthanour's andRazs. Indeed,the sinewave is the signalthatthe testin Aerts
etal. (1998)is particularlylik ely to dealwell with. The othertwo testsgive somavhat
inferior power. We expectedthetestin Buckley (1991)to be a very strongcontender
atleastfor small SNR,dueto its locally mostpowerful property However, it doesnot
appeato bebetterthanthe othersfor thesmall SNR’s investigatedandhaslesspower
for large SNR.

It is apparenthat the proposednethodgivesvery similar resultswith ary of the
four smoothingselectorsised.Thatwasto beexpected:asHurvichetal. (1998)points
out, for small tr(H) /n,

2Ur(H) /n ~ —2log(1 — tr(H)/n) ~ — log(1 — 2tr(H)/n), (23)

so all three criteria imposepenaltieswhich are quite similar whenever tr(H)/n is
small. Thiswill betypically thecase.

Thepatternsn Table1 mostlyrecurin Table2 andTable3, exceptfor thefactthat
therelative performancef the Aertset al. (1998) methodseemaow wealer. Thisis
understandablesincethe alternatvesin Tables?2 and3 areharderto approximatewith
few parameterfn (18) thanis the alternatvein Tablel.

Our proposedestdoeswork quitewell overall,andsodoesRazs. To the creditof
thelast,it is muchcheapein the sensehatit usesfixed smoothing.Our proposedest
optimizeshesmoothingy generalizearossvalidation(or ary othersimilar criterion),
makingit muchmoreexpensieto compute.

Sincethesmoothingn Raz’s testwasfixedarbitrarily andknowing the underlying
signal,it is of interestto considerhow muchbetteror worsethe resultscanbe if we
applya substantiallydifferentsmoothing.Table4 shavs the empiricalpower obtained
with four widely differentsmoothingsandn = 256. Althoughtherearedifferencesn
power, Raz’s testseemgjuiteresistanto changesn the smoothing.

Thesimulationwascarriedon a Digital Alpha machinerunningOSF1version4.0,
andwascodedin FORTRAN. Standard64 bit) doubleprecisionwasused ratherthan
the extended(128bit) doubleprecisionthe compilerdefaultsto. We usedtheroutines



Table1: Sinecurve signal. Empirical power for the « = 0.05 testsin onethousand
experimentsshufling eachsamplel00timesto obtainapproximateeritical values for
differentsignal-to-noiseatios. SN R = 0 correspondso thenull.

SNR
Proposed Aerts von

Buckley | Raz etal. | Neumann

% GCV | AIC T AICC

Samplesizen = 128

0 0.046| 0.061| 0.046| 0.047 | 0.046 | 0.048| 0.040 0.060
5 0.070| 0.074| 0.077| 0.081| 0.057 | 0.085| 0.093 0.066
10 || 0.224| 0.220| 0.222| 0.221 | 0.176 | 0.218| 0.276 0.108
15 || 0.446| 0.428| 0.442| 0.437 | 0.304 | 0.450| 0.514 0.183
20 | 0.694| 0.680| 0.678| 0.674 | 0.477 | 0.697| 0.781 0.297
25 | 0.913| 0.890| 0.875| 0.855 | 0.672 | 0.919| 0.945 0.445
30 || 0.982| 0.974| 0.937| 0.930 | 0.808 | 0.985| 0.993 0.638
40 | 0.999| 0.996| 0.986| 0.979 | 0.958 | 1.000| 1.000 0.925
50 || 1.000| 0.998 | 0.999| 1.000 | 0.995 | 1.000| 1.000 0.989

Samplesizen = 256

0 0.050| 0.049| 0.050| 0.050 | 0.049 | 0.046| 0.040 0.044
5 0.141| 0.139| 0.142| 0.141| 0.100 | 0.123]| 0.151 0.065
10 || 0.435| 0.415| 0.440| 0.444 | 0.275 | 0.406| 0.490 0.123
15 || 0.814| 0.782| 0.823| 0.827 | 0.545 | 0.797| 0.859 0.214
20 | 0.968| 0.963| 0.959| 0.960 | 0.775 | 0.968| 0.985 0.406
25 | 0.995| 0.994| 0.988| 0.989 | 0.905 | 0.997| 0.997 0.649
30 || 1.000| 0.999| 0.990| 0.989 | 0.972 | 1.000| 1.000 0.829
40 | 1.000| 1.000| 0.999| 0.999 | 1.000 | 1.000| 1.000 0.993
50 || 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 1.000

Samplesizen = 512

0 0.049| 0.049| 0.053| 0.053 | 0.049 | 0.043]| 0.049 0.058
5 0.232| 0.231| 0.233| 0.233| 0.167 | 0.208| 0.262 0.074
10 || 0.768| 0.753| 0.765| 0.765 | 0.485 | 0.728| 0.796 0.145
15 || 0.984| 0.974| 0.984| 0.986 | 0.822 | 0.980| 0.989 0.299
20 | 1.000| 0.998| 1.000| 1.000 ( 0.970 | 1.000| 1.000 0.600
25 | 1.000| 0.999| 0.999| 0.999 | 0.996 | 1.000| 1.000 0.868
30 | 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 0.980
40 | 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 1.000
50 || 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 1.000




Table2: Temporaryshift signal. Empirical power for the « = 0.05 testsin onethou-
sandexperimentsshufling eachsamplel00timesto obtainapproximatecritical val-
ues,for differentsignal-to-noiseatios.SN R = 0 corresponds$o thenull.

SNR
Proposed Aerts von
Buckley | Raz

etal. | Neumann
% GCV | AlIC T AICC

Samplesizen = 128

0 0.046| 0.061| 0.046| 0.047 | 0.046 | 0.048| 0.040 0.060
5 0.288| 0.274| 0.304| 0.307 | 0.069 | 0.259| 0.238 0.103
10 || 0.873| 0.847| 0.840| 0.821 | 0.147 | 0.820| 0.743 0.344
15 | 0.992| 0.987| 0.956| 0.939 | 0.221 | 0.996| 0.990 0.787
20 | 0.999| 0.999| 0.990| 0.989 | 0.308 | 1.000| 1.000 0.972
25 | 1.000| 1.000| 1.000| 1.000 | 0.391 | 1.000| 1.000 0.998
30 || 1.000| 1.000| 1.000| 1.000 | 0.489 | 1.000| 1.000 1.000
40 | 1.000| 1.000| 1.000| 1.000 | 0.688 | 1.000| 1.000 1.000
50 || 1.000| 1.000| 1.000| 1.000 | 0.784 | 1.000| 1.000 1.000

Samplesizen = 256

0 0.050| 0.049| 0.050| 0.050 | 0.049 | 0.046| 0.040 0.044
5 0.604| 0.569| 0.615| 0.617 | 0.096 | 0.511| 0.475 0.121
10 || 0.993| 0.988| 0.974| 0.976 | 0.205 | 0.986| 0.971 0.515
15 || 1.000| 0.999| 0.996| 0.996 | 0.397 | 1.000| 1.000 0.939
20 | 1.000| 1.000| 0.999| 0.999 | 0.609 | 1.000| 1.000 1.000
25 | 1.000| 1.000| 1.000| 1.000 | 0.781 | 1.000| 1.000 1.000
30 | 1.000| 1.000| 1.000| 1.000 | 0.888 | 1.000| 1.000 1.000
40 | 1.000| 1.000| 1.000| 1.000 | 0.975 | 1.000| 1.000 1.000
50 || 1.000| 1.000| 1.000| 1.000 | 0.995 | 1.000| 1.000 1.000

Samplesizen = 512

0 0.049| 0.049| 0.053| 0.053 | 0.049 | 0.043]| 0.049 0.058
5 0.872| 0.866| 0.874| 0.880 | 0.126 | 0.837| 0.765 0.186
10 || 1.000| 1.000| 0.999| 0.999 | 0.406 | 1.000| 1.000 0.755
15 || 1.000| 1.000| 1.000| 1.000 | 0.708 | 1.000| 1.000 0.997
20 | 1.000| 1.000| 1.000| 1.000 | 0.886 | 1.000| 1.000 1.000
25 | 1.000| 1.000| 1.000| 1.000 | 0.981 | 1.000| 1.000 1.000
30 | 1.000| 1.000| 1.000| 1.000 | 0.998 | 1.000| 1.000 1.000
40 | 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 1.000
50 || 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 1.000




Table3: Quadratidrendsignal. Empiricalpowerfor thea = 0.05 testsin onethousand
experimentsshufling eachsamplel00timesto obtainapproximateeritical values for
differentsignal-to-noiseatios. SN R = 0 correspondso thenull.

SNR
Proposed Aerts von
Buckley | Raz

etal. | Neumann
% GCV | AlIC T AICC

Samplesizen = 128

0 0.046| 0.061| 0.046| 0.047 | 0.046 | 0.048| 0.040 0.060
5 0.121| 0.127| 0.116| 0.116 | 0.066 | 0.129| 0.117 0.095
10 || 0.458| 0.460| 0.430| 0.409 | 0.140 | 0.503| 0.382 0.285
15 || 0.850| 0.853| 0.800| 0.786 | 0.208 | 0.874| 0.751 0.667
20 | 0.996| 0.992| 0.976| 0.970 | 0.296 | 0.997| 0.954 0.934
25 | 0.999| 0.999| 0.998| 0.998 | 0.415 | 1.000| 0.995 0.995
30 | 1.000| 1.000| 1.000| 1.000 | 0.487 | 1.000| 1.000 1.000
40 | 1.000| 1.000| 1.000| 1.000 | 0.676 | 1.000| 1.000 1.000
50 || 1.000| 1.000| 1.000| 1.000 | 0.816 | 1.000| 1.000 1.000

Samplesizen = 256

0 0.050| 0.049| 0.050| 0.050 | 0.049 | 0.046| 0.040 0.044
5 0.247| 0.243| 0.243| 0.240 | 0.085 | 0.243]| 0.208 0.109
10 || 0.848| 0.847| 0.828| 0.826 | 0.177 | 0.872| 0.733 0.478
15 || 0.998| 0.996| 0.988| 0.987 | 0.334 | 1.000| 0.988 0.911
20 | 1.000| 1.000| 0.999| 0.999 | 0.536 | 1.000| 1.000 0.997
25 | 1.000| 1.000| 1.000| 1.000 | 0.715 | 1.000| 1.000 1.000
30 | 1.000| 1.000| 1.000| 1.000 | 0.837 | 1.000| 1.000 1.000
40 | 1.000| 1.000| 1.000| 1.000 | 0.965 | 1.000| 1.000 1.000
50 || 1.000| 1.000| 1.000| 1.000 | 0.992 | 1.000| 1.000 1.000

Samplesizen = 512

0 0.049| 0.049| 0.053| 0.053 | 0.049 | 0.043]| 0.049 0.058
5 0.465| 0.465| 0.458| 0.456 | 0.109 | 0.516| 0.393 0.168
10 || 0.995| 0.995| 0.994 | 0.994 | 0.352 | 0.995| 0.986 0.691
15 || 1.000| 1.000| 1.000| 1.000 | 0.636 | 1.000| 1.000 0.996
20 | 1.000| 1.000| 1.000| 1.000 | 0.846 | 1.000| 1.000 1.000
25 | 1.000| 1.000| 1.000| 1.000 | 0.961 | 1.000| 1.000 1.000
30 | 1.000| 1.000| 1.000| 1.000 | 0.994 | 1.000| 1.000 1.000
40 | 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 1.000
50 || 1.000| 1.000| 1.000| 1.000 | 1.000 | 1.000| 1.000 1.000
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Table4: Empirical power usingRaz’s testandfour differentsmoothings.A uniform
kernelhasbeenusedandk = 17, 33, 65 and129 contiguous/alueshave beenaveraged,
exceptat the ends. Rows for large SNR which madethe empiricalpower 1 for all &
have beenomited.

SNR . .
Number of contiguous ordinates aver aged

% k=17 | k=33 | k=65 k=129

Sinesignalwith n = 256

0 0.049 | 0.055 | 0.062 0.061
5 0.106 | 0.123 | 0.143 0.147
10 0.297 | 0.421 | 0.515 0.556
15 0.685 | 0.810 | 0.896 0.905
20 0.908 | 0.959 | 0.979 0.978
25 0.986 | 0.999 1.000 1.000

Time limited shift signalwith n = 256

0 0.049 | 0.055 | 0.062 0.061
5 0.403 | 0.525 | 0.645 0.694
10 0.969 | 0.990 | 0.994 0.998

Quadraticsignalwith n = 256

0 0.049 | 0.055 | 0.062 0.061
5 0.266 | 0.240 | 0.243 0.195
10 0.904 | 0.877 | 0.787 0.659
15 0.999 | 0.998 | 0.988 0.942
20 1.000 | 1.000 | 0.999 0.997
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DraftNumber

Figurel: Draft selectiomumberby dayof yearin the 1970U.S. Lottery Draft. Super
imposed:a cubicsplinefit with smoothingchoserby GCV.

00
|
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\

describedn Hutchinson(1986) for the computationof crossvalidatedsplines. For
othergenerabpurposeoutines(like FFT andrandomnumbergenerationve turnedto
the public domainpart of the PORT3 library (©Lucent Technologies|nc., available
from Netlib). Codefor the differentteststo comparewasalsowritten in FORTRAN.
Summarizatiorof the resultsandthe only graphin the paperweredonein S-PLus
(©OMathSoft,Inc.).

4.2 Anillustration

Figurel shows theresultsof the 1970U.S. Lottery Draft, with a splinesuperimposed
(the smoothingwaschosenusingGCV). A lottery washeldto determinethe orderin
whichmenin military agewould be calledinto active service.An urnwassetwith one
ball for eachdayof theyear thenall ballswereremovedandtheorderof extraction(the
“draft number”)recorded. The fairnessof the procedurewas later challengedn the
groundsthat the allocateddraft numbersdid not appearto be sufiiciently “random”;
menborn in early monthsappearedo have beenassignedsignificantly larger draft
numbersthan thoseborn later in the year Subsequeninquiry suggestedhat balls
enteredheurnin dayorder andtheurnwasinsufiiciently shalen.

To testfor randomnesagainsta smoothalternatve, we canusethe testdescribed
in Section2. Thevalueobtainedfor L., is 10683.36.t is the secondsmallesiout of
five hundredreplicationspermutingeachtime they;’s. Therefore the null hypothesis
of notrendcanbequite confidentlyrejected evenatthe 0.01level of significance.
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5 Someremarks

Thetestdescribedn Section2 canbeuseddirectly assuch(seefor instanceGutiérrez
and Tusell (1997)) or asa testfor a flat spectrum py fitting a cross-walidatedspline
to a periodogram Sinceautocorrelationn residualdranslateso non-flatspectrathis
wouldyield atestagainst(fairly generalyautocorrelation.

Finally, we would lik e to point outthatthe proposedestnicely adaptgo situations
in which thereare missingand unequallyspaceddata, so far asthe exchangeability
assumptionmplied by a permutatiortestis met.

Acknowledgments. Jefrey Hart offeredhelpful hints anda draft of the paperAerts
et al. (1998). Eva Ferreiraand the participantsat the EC2 - SimulationMethodsin
EconometricgFirenze,1996) madesomecomments.Onerefereeand one associate
editorwerequitehelpful with their criticism. To all of themmy thanks.Any errorsand
obscuritiesaremy own. This work waspartly supportedby the SpanishMEC (grants
PB95-0346andPB98-0149).
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