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Abstract

A permutationtestfor thewhite noisehypothesisis described,offering power against
ageneralclassof smoothalternatives.Simulationresultsshow thatit performswell, as
comparedwith similar testsavailablein theliterature,in termsof power. An example
demonstratesits usein aparticularproblemin whichatestfor randomnesswassought
withoutany specificalternative.

Keywords: randomness;serialindependence;permutationtests;com-
puterintensive tests;smoothing;complexity.



1 Introduction

With widely availablecheapcomputingpower andthe parallelimprovementin algo-
rithms,approachesthatwouldhavebeeninfeasibleafew yearsbackarenow within the
reachof thedesktoppersonalcomputer. Thispaperpresentsoneexample.Wepropose
to testthenull hypothesis

���������
where

�
is aconstantand

�
randomnoiseversus���
	���
������

, where
	������

is a functionrequiredonly to be“smooth.” Theteststatistic
canberegardedasa penalizedgoodnessof fit criterion. If thefit is significantlybetter
thancouldbeexpectedfor randomnoise,thenull is rejected.Significanceis assessed
by meansof apermutationtest.

The structureof the paperis as follows: Section2 introducesnotation,standard
methodsandresultsin smoothinganddescribesthe test. Section3 reviews somere-
latedtests,which thenarecomparedto oursin a smallsimulationin Section4. More
extensive resultsareavailablefrom theauthor:we have tried to summarizetheresults
in a few typical situations.Section5 endswith someremarksabouttheproposedtest.

2 The test

Let
��������
������ �!�#"$�%�&�%��� '

be a samplefrom a bivariatevariable, and assumethat�(�)	��*
��+�
�
, where

� i.i.d., �*-.�0/�1&�
. Let 243 �(���657�%�&�%�8�0�$9.�

The designpoints :83 ��*
 5 �&�%�&���0
 9 �
areassumedfixed. Usually they will be equispacedpoints,but this is

not a requirement.If
	��*
;�

werea linear function of



we would have the standard
linear modelwith oneregressor;but a muchmoreflexible classof functionscanbe
postulated,requiringonly regularity conditionssuchascontinuityof

	������
andperhaps

of someof its derivatives.
Severalmethodshave beenput forwardfor theestimationof

	������
. Kernelestima-

tors approximate
	���
��

by a weightedaverageof the values
�$�

for

��

“close” to


. A

bandwidthparameter< controlstheweights—seefor exampleHart (1997)or Härdle
(1990)amongmany comprehensivereferences.

Splinesprovideadifferent(althoughnotunrelated:seeSilverman(1984))smooth-
ing method.A cubicsplinewith nodesat = 5>�%�%�&�8� =@? is a piecewisepolynomialwith
first two continuousderivativesanda third derivative which is constantwithin each
interval

� = � � = �BA 5&�
. It canbeshown thattheminimizerofCD� 2 � : �FE�G HI�J� 9K �BL 5 ������MNH��*
��O� � 1 �PERQTS H6U U��*
���V 18W 


(1)

over functions
H��*
;�

with two continuousderivatives,is a cubic splinewith nodesat�*
 5 �&�%�&���0
 9 �
. The first term in (1) requires

H��*
;�
to passcloseto the points

�*
����0�$���
,

while the secondpenalizesdeparturesfrom linearity, thusforcing
H��*
;�

to besmooth.
Theparameter

E
takesup therole of < in kernelestimators,andspecifiesthe desired

trade-off betweengoodnessof fit andsmoothness.We canchoose
E

from the data,
a popularmethodbeinggeneralizedcross-validation(GCV) —seeCravenandWahba
(1979).We denote

E
GCV thesmoothingparameterchosenby GCV, andC

GCV

�YX[Z]\^ CD� 2 � : �FE
GCV

G_H.�
(2)

thecorrespondingminimumvalueof (1).
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Both kernelsandthe minimizer of (1) give smoothedestimatesof the form `2 �a8b 2 , where
a8b

is a matrix dependenton the smoothingparameter(
E

or < ) and the
designpoints,but not on 2 .

We areinterestedin testing: cedgf �h�
�i�j�
versus

clkmf �h�n	��*
;�4�j�%�
where

�
is whitenoise,

�
is a constant,and

	��*
;�
is only requiredto be“smooth.” Our

alternative thenincludestrendsandfluctuationswith changingamplitudeandphase,
amongothers.

In theabsenceof any pattern,thesequenceo �$��p shouldfluctuaterandomlyabout
a fixed level. If we fit a cross-validatedspline to

�������0
��O�
,
�q�r"$�%�&�%��� '

, the fitted
curveshouldbenearlya straighthorizontalline: in a sense,a curveof lowestpossible
complexity, becausethereis no structureto adaptto. On the otherhand,underthe
alternative,thesplinemightpickupthesmoothfunction

	��*
;�
andhencedisplaygreater

complexity.
A natural idea then is to measurehow much the complexity of the fitted spline

deviatesfrom what would be expectedwhenfitting white noise. If the deviation is
sufficiently large,we would rejectthehypothesisof whitenoise.

Thesmoothingparameterchosenby generalizedcross-validation,
E

GCV , canbere-
gardedasaproxy for thecomplexity of thefittedspline,andusedasateststatistic:the
larger

E
GCV , the smoother(“less complex”) the curve is. We couldalsouse tr

� a8b �
),

thenumberof “equivalentparameters”,asa teststatistic:seefor exampleHastieand
Tibshirani(1991)for therationaleof equatingtr

� a b �
to thenumberof equivalentpa-

rameters.
As analternative,andmorein keepingwith theideasin Rissanen(1989)on mini-

mumdescriptionlengthmodelling(MDL), we canuseasa teststatistic
C

GCV , defined
in (2). The first term measuresthe deviation of the datafrom the fits andthe second
the complexity of the “model” —herea non-parametricone. Besidesbeingeasierto
rationalizeasa penalizedgoodnessof fit criterionor analogto a MDL criterion,

C
GCV

hasalsobeenfoundpreferableto
E

GCV in termsof performance:
E

GCV is veryunstable.
In thefollowing wereferonly to

C
GCV .

Othercriteriafor choosing
E

canbeused,besidesGCV. Hurvich et al. (1998)give
a detailedcomparisonof severalsuchcriteria. Usingtheir notation,all of themcanbe
written in theform s]t�u � `/ 1 �4�wvx� c �

(3)

where `/ 1
is themeansquareresidual,

c
is thesmoothingmatrix (our

a b
), and

vy� c �
the penalty term. GCV minimizes(3) with

vy� c �z�{MD| sBt�u ��"lM
tr
� c � }>'4�

, while
a nonparametricversionof AIC (assumingnormality) uses

vy� c �q�~|
tr
� c �0}>'

and
Rice’s � criterion uses

vy� c ����M s]t�u ��"�M
|
tr
� c � }�'4�

(seeRice (1984)). Criterion
AIC � , a modifiedversionof AIC, uses

vy� c �@�h"+�w|.�
tr
� c �4��"7���*'�M

tr
� c ��Mz|���� 5

(seeHurvich et al. (1998)).Fitting a splinethatminimizes(3) for differentchoicesofvy� c �
abovegivesdifferent“optimal” smoothingsandcorrespondingminimumvaluesC

AIC,
C

T, etc.,thatcanbeusedin placeof
C

GCV in thetest.All four criteriagivevery
similar resultsin thesimulationreportedbelow.

In orderto obtainayardstickagainstwhichto measurethevalueof theteststatistic,
we resortto resamplingafterpermutation.Sincefor realisticsizesof

'
completeenu-

merationof all the
'��

permutationsis out of thequestion,we simulatea few hundreds
or thousands.Theproposedtestis thereforedescribedasfollows:
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Permutation test.

1. For thegivensample
�*�$�_�0
����

,
���h"��%�&�%���0'

compute
C

GCV .

2. For � ��"��&�%�%�����
do thefollowing:

(a) Shuffle the
� �

to generate
��� ?7� ��� ��
 � � , where� �����

,
���h"$�%�%�&��� '

, is arandom
permutationof thefirst

'
integers.

(b) Fit a cubicsplineto the
��� ?7� ��� ��
 � � andcompute

C �]? �
GCV

3. Rejectthehypothesisof randomnessat theapproximate
"&-�-$�

% level of signifi-
canceif

C
GCV is amongthe � �x���

smallest
C �]? �

GCV.

3 Related tests

Thereis an extensive literatureon nonparametricsmoothingandlack of fit tests:see
for instanceHart (1997). Among the earlierproposalsis von Neumann(1941). The
von Neumannratio 9 � 5K ��L 5 ��� ��A 5�M�� � � 1 }�� 1 �

(4)

where
� 1

is thesamplevarianceof the
� U� �

, canbeusedasa testfor white noisewith
goodpoweragainstsmoothalternatives.

Raz(1990)proposesatestfor no-effectin anonparametricregressionsettingsome-
whatdifferentfrom ours.He considersa situationin which both

�
and

/ 1
areknown

withouterrorwhenthenull hypothesisof noeffect is true.Defining� 5 � 9K �BL 5�� `	���
�����M ��� 1
(5)� 1 � 9K �BL 5�� �;��M `	��*
��O� � 1
(6)�g� � 9K �BL 5�� � � M ��� 1 �
(7)

hegoeson to defineby analogywith theusuallinearregressionstatisticsthegeneral-
izedstatistics � 5 � ��'�M�H 5 � � 5 }�S���H 5 MP"7�%� � � M � 5 ��V

(8)
� 1 � H. 5 � � � M � 1 � }�SB��'�M�H. 5 Mw">� � 1 V$� (9)

where
H¡5D�

trace
� a8b¡a8b 3 �

and
H  5 �

trace ¢ �*£¤M a8b �%�*£�M a8b � 34¥ . In linearregression,

with thesmoothingmatrix
a b

replacedby thefamiliar“hat” matrix

c �Y¦j�*¦ 3 ¦��F� 5 ¦ 3 ,H 5 �¨§
, thenumberof parameters,

H  5 ��'©Mq§
andboth

� 5
and

� 1 reduceto theusual
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F teststatistic. Raz(1990)usesasa teststatistic ª � � 5&}�/�1
, a monotonicfunction

of

� 5
whosedistribution is easierto approximate.In the linearregressioncase,under

thenull hypothesisof no effect, ª would follow a chi squaredistribution. In thenon-
parametriccase,its distributionis approximatedby ascaledchi squareby matchingthe
first two momentsto thoseof ª (which, in thesituationstudiedby Raz(1990),canbe
computedexactly).

Oneimportantdepartureof our testfrom Raz’s, besidestheuseof a differenttest
statistic,is thatRaz(1990)considersa fixedamountof smoothing,while we optimize
thesmoothing.Thiswouldaffectthedistributionof Raz’s ª statistic,muchin thesame
waythatchoosingthebestmodelin linearregressionrendersinadequatetheuseof the
�

testfor testingtheno-effecthypothesis.
Buckley (1991)builds on work by Cox et al. (1988)to show thatcusum typetests

are locally most powerful for a wide classof alternatives. Let «­¬ �*
;� be the space
generatedby polynomials® ¬ � 5? L d � ? 
 ? evaluatedat thedesignpoints


��
,
�y��"��&�%�%���0'

.
To testtheadequacy of a polynomialregressionmodelwe couldconsideralternatives
givenby ���¯� ¬ � 5K? L d � ? 
 ?� �w°�	��*
��O�8�w�����

(10)

for
�y�h"$�%�&�%��� '

andsome
	������g}± «­¬ ��
�� . In matrixnotation,² � ³©´P�w°Fµ+�j¶¡�

(11)

where
³

is a
'¸·g§

matrixwhose
�0��¹

termis

Iº � 5� . Undertheassumptionof normality

theusualF testfor

c d f °D�h-
is mostpowerful againstthealternative (10) especified

by
µ
. If we do not have a specificalternative, no uniformly mostpowerful testexists.

However, considering
µ ,�» ��-I�F¼��

, a locally mostpowerful testexists(seeCox et al.
(1988)). Choosing

¼
conveniently, we canimposesmoothnesson

µ
. Buckley (1991)

proposesto use
¼~� ª �

, where ª �¾½ 3 ½
and

½
is the matrix that takes

§
-order

differences,i.e., ½�µ¿� À ¬ µ$�
(12)

(Weassumeequallyspacedpoints;otherwise,divideddifferencesmustbeused,which
addssomecomplexity but no essentialchanges.)Then,µ 3 ª µ¿� µ 3 ½ 3 ½ÁµR� 9 � ¬K �BL 5 �OÀ ¬ 	��*
 � �_� 1 �

(13)

Expressionssuchas (13) have beenmuchusedaspenaltytermsin splines,andare
a reasonableway to penalizedeparturefrom a

§
-orderpolynomial(for which (13) is

identicallyzero).
Let Â �Ã£ 9 M�¦j��¦ 3 ¦���� 5 ¦ 3 and

½
,
a

be respectively
§
-fold differenceand

cusummatrices,definedby ½ � Ä½l9 A ¬ � 5xÅ%Å&ÅÆÄ½l9
(14)a � Äa 9 A ¬ � 5 Å&Å%Å4Äa 9 �
(15)
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with
Ä½eÇ

,
Äa Ç

defined(for
�ÃÈP|

) asthe
�*�ÉMP"7�­·q�

matrices

Ä½ Ç �rÊËËËÌ
"ÍMg" - �%�&�Î- -- " Mg"Í�%�&�Î- -
...

...
...

...
...

...- - - �%�&�Ï"ÐMg"
Ñ�ÒÒÒÓ Äa Ç �ÔÊËËËÌ

"Ï-Õ- �%�%�Ö-Ð-"Ð"×- �%�%�Ö-Ð-
...

...
...

...
...

..."Ð"Õ"Õ�%�%�×"Ï-
Ñ�ÒÒÒÓ �

Buckley (1991)thenshowsthatthelocally mostpowerful testusesthestatistic `/�1Ø } `/�1Ù ,
where `/ 1Ø � 2 3 Â a 3 a Â�2 }

tr
� Â a 3 a Â �

(16)`/ 1Ù � 2 3 ½ 3 ½ 2 }
tr
��½ 3 ½©�

(17)

Moreover, when
§q��"

heshows therelationshipbetweenhis proposedmostpowerful
cusum testandthe von Neumanntest,which canbe expressedasa similar ratio less
sensitive to departuresfrom thenull hypothesis.

Aerts et al. (1998) proposea test for goodnessof fit to a parametricfunction,Ú �*
��_G Û 5 �%�%�&�8� Û ¬ � . Basically, they considera family of functionssuchasÚ ��
��_G Û 5 �&�%�&�8� Û ¬ A8Ü&�Ö� Ú ��
��_G Û 5 �%�%�&��� Û ¬ �4� ÜKº L 5 Û ¬ A º%Ý�º ��
������ (18)

wherethe Ý�º �*
;� functionsspana suitablylargespaceof functions(they couldbeHer-
mitepolynomialsor trigonometricfunctions,for instance).Theirsetupis slightly more
complex in thatit includesa link functionwhich is inessentialfor ourpurposes.To as-
sessthe fit of their baselinemodel Ú �*
 � G0Û�5>�%�&�%��� Û ¬ � , they proposeto fit modelswith
an increasingnumberof parametersstartingat

§
, andusea modified AIC criterion

(MAIC) to chooseamongthem. If thecriterionchoosesa modelwith Þ©ß §
parame-

ters,thatis takenasevidenceof a substantialdeparturefrom thebaselinemodel.
Clearly, taking

§w�Ã"
and Ú �*
 � G0Û�5%�¤�Éà

the proposalin Aerts et al. (1998)spe-
cializesto a methodto test for randomfluctuationaboutthe meanagainsta smooth
alternative. The natureof the functions Ý�º ��
�� , ¹Y�r"��%�&�%���0á

, specify the natureof
alternativesconsidered,which canbe quite general. Their methodtestswhetherthe
inclusionof additionalparametersis justified. In their case,thoseparametersappear
explicitly multiplying thefunctions Ý.º ��
�� , while in our teststatisticthecomplexity of
the(nonparametric)“model” is takenupby thesecondtermof (1).

The advantagefor the methodin Aerts et al. (1998)is that thereis distributional
theory(atleastasymptotic)to aidin therealizationof thetest,while wehaveto resortto
permutation.Thedisadvantageswesee(comparedto ourmethod)are:i) Theinclusion
of atermsuchas

Û ¬ A�â Ý â ��
�� hasaglobaleffectacrossall valuesof
¦

—thetestappears
lessable to pick local departuresfrom the baselinemodel thanours—; and ii) The
orderof inclusionof termsin the right handsideof (18) is undefined.It mayhappen
thatterm

Û ¬ A�â Ý â �*
�� pointsto ahighly relevantdeparturefrom thebaselinemodel,and
yet, if ã is large, the improvementin the fit is not enoughto warrantinclusionof all
terms

Û ¬ A 5 Ý 5 ��
����&�%�&�4� Û ¬ A�â Ý â%��
�� .
We cannotattempta completesurvey of all relatedtestsin the literature. A good

sourceof pointersis Hart (1997).We alsowould like to mentionRamil andGonzález-
Manteiga(1998)andGonzález-ManteigaandCao(1993),closein spirit to Raz(1990).
Chapter6 in BowmanandAzzalini (1997)containsalsoa discussionon testsfor the
“no effect” hypothesisagainsta smoothalternative. Their test statisticis similar to
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Raz’s. Ratherthanusinga fixedsmoothing,they proposeto plot theobserved
§
-value

againstthesmoothingparameter< for differentvaluesof < . Thusthey obtaina “sig-
nificant trace”, a usefuldiagnosticof the sensitivity of the

§
valueto the amountof

smoothingused.

4 Simulation results and an example

4.1 Power simulation

Wehaveperformedasimulationstudyto gainsomeinsightinto theperformanceof the
testandobtainat leastacrudeapproximationof its power. In thesamesimulationruns
we computedvariousotherteststatisticsdescribedin Section3, for comparison.The
artificial sampleso � � p6� �y�h"��%�&�%���0'

usedweregeneratedasfollows:�$�ä� H$���j�����
(19)

with
H �

having oneof thefollowingalternativedefinitions(constantã is definedbelow).

Sine curve: H � � ã8å Z]\¸æ@ç$è ���4MP"7�é$' ê �
(20)

Temporary shift signal: H$�ä� ã%ë ���_}�'4���
(21)

where ë �*
;�Æ�iì "
if


 ± S -I�]"&-I��-I��|�-�V-
otherwise.

Quadratic trend: H$�í� ã · � � � 59 � 1 �
(22)

The constantã waschosenin eachcaseso as to achieve the desiredsignal-to-noise
ratio,definedas:

SNR
� "7-$-e·
® 9�BL 5 ��H$��M H6� 1/ 1î �

Function(20) is meantto exemplify smoothoscillating variation. Function(21) is
taken asan exampleof a suddentemporaryshift, while function (22) is an example
of a smoothtrend. In (19),

���
is Gaussiannoisewith zeromeanandunit varianceand���h"��&�%�%���0'

.
Thetestis performedasdescribedin theSection2. Samplesizes

'¸�h"7|$ïI��|�ð�ñ
andðI">|

wereused,typicalof moderateto fairly largedatasets.TheSNRtakesvaluesfrom
0.0to 0.30in stepsof 0.05,thenup to 0.50in stepsof 0.10.We investigatedthepower
of the testat the conventionalsignificancelevel

�ò�)-.� -¡ð
. Artificial sampleswere

generated,andtheteststatisticscomputed.Theneachsamplewasshuffled 100times
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andtheteststatisticsrecomputedeachtime,to obtaintheapproximatecritical valueforC
GCV (and

C
AIC, etc.) underthenull of no signal. Theprocedurewasrepeated1000

timesfor eachtypeof signal,SNRvalueandsamplesize.More extensive resultsthan
reportedhereareavailablefrom theauthor.

For themethodproposedby Aertset al. (1998),we fit trigonometricpolynomials
of increasingfrequency, startingwith the lowest frequency terms. Sincethey form
an orthogonalbasis,all coefficients

Û ¬ A º in (18) canbe computedat once. This can
be doneparticularlyfastusingthe FFT algorithmfor

'
equalto the productof small

primes(hencethechoicein oursimulationsof
'¸�ó|�ô

).
The first four columnsin Table1 to 3 show the empiricalpower obtainedin one

thousandreplicationsusingtheproposedpermutationtestwith four differentsmooth-
ings (which respectively minimize

C
GCV ,

C
AIC,

C
T and

C
AICC). The following four

columnsshow thecorrespondingempiricalpower for theothertestsmentionedin Sec-
tion 3. For all teststatistics,thepower hasbeenestimatedcomparingtheteststatistic
with thevaluesobtainedin 100randompermutationsof thesample,exceptfor thevon
Neumanntest,for which thenormalasymptoticdistribution hasbeenused.For Raz’s
test, the smoothingnecessaryhasbeenfixed arbitrarily at what we felt a reasonable
value. For samplelengthsof

'w�õ"7|$ï
, 256and512, respectively � �õ">ö

, 33 and65
contiguousordinateshavebeenaveragedwith a rectangularkernel.

In Table1 we seethat the test in Aerts et al. (1998) givesslightly betterpower
figuresthanour’s andRaz’s. Indeed,thesinewave is thesignalthat the testin Aerts
et al. (1998)is particularlylikely to dealwell with. Theothertwo testsgivesomewhat
inferior power. We expectedthetestin Buckley (1991)to bea very strongcontender,
at leastfor smallSNR,dueto its locally mostpowerful property. However, it doesnot
appearto bebetterthantheothersfor thesmallSNR’s investigated,andhaslesspower
for largeSNR.

It is apparentthat the proposedmethodgivesvery similar resultswith any of the
four smoothingselectorsused.Thatwasto beexpected:asHurvichetal. (1998)points
out, for small tr

� c � }>'
,|

tr
� c �0}>'�÷hMD| sBt�u ��"øM

tr
� c �0}>'4�@÷hM s]t�u ��"øM!|

tr
� c � }>'4�F�

(23)

so all threecriteria imposepenaltieswhich are quite similar whenever tr
� c �0}>'

is
small.This will betypically thecase.

Thepatternsin Table1 mostlyrecurin Table2 andTable3, exceptfor thefactthat
therelative performanceof theAertset al. (1998)methodseemsnow weaker. This is
understandable,sincethealternativesin Tables2 and3 areharderto approximatewith
few parametersin (18) thanis thealternative in Table1.

Ourproposedtestdoeswork quitewell overall,andsodoesRaz’s. To thecreditof
thelast,it is muchcheaperin thesensethatit usesfixedsmoothing.Our proposedtest
optimizesthesmoothingbygeneralizedcrossvalidation(orany othersimilarcriterion),
makingit muchmoreexpensive to compute.

Sincethesmoothingin Raz’s testwasfixedarbitrarily andknowing theunderlying
signal,it is of interestto considerhow muchbetteror worsethe resultscanbe if we
applya substantiallydifferentsmoothing.Table4 shows theempiricalpowerobtained
with four widely differentsmoothingsand

'��n|�ð�ñ
. Althoughtherearedifferencesin

power, Raz’s testseemsquiteresistantto changesin thesmoothing.
Thesimulationwascarriedon aDigital Alpha machinerunningOSF1version4.0,

andwascodedin FORTRAN. Standard(64bit) doubleprecisionwasused,ratherthan
theextended(128bit) doubleprecisionthecompilerdefaultsto. We usedtheroutines

7



Table1: Sinecurve signal. Empirical power for the
���É-I�ù-�ð

testsin onethousand
experiments,shuffling eachsample100timesto obtainapproximatecritical values,for
differentsignal-to-noiseratios.

a » ª �
-
correspondsto thenull.

SNR
Proposed

Buckley Raz
Aerts von

% GCV AIC T AICC
et al. Neumann

Samplesize
'¸�h">|�ï

0 0.046 0.061 0.046 0.047 0.046 0.048 0.040 0.060
5 0.070 0.074 0.077 0.081 0.057 0.085 0.093 0.066
10 0.224 0.220 0.222 0.221 0.176 0.218 0.276 0.108
15 0.446 0.428 0.442 0.437 0.304 0.450 0.514 0.183
20 0.694 0.680 0.678 0.674 0.477 0.697 0.781 0.297
25 0.913 0.890 0.875 0.855 0.672 0.919 0.945 0.445
30 0.982 0.974 0.937 0.930 0.808 0.985 0.993 0.638
40 0.999 0.996 0.986 0.979 0.958 1.000 1.000 0.925
50 1.000 0.998 0.999 1.000 0.995 1.000 1.000 0.989

Samplesize
'¸�ó|�ð�ñ

0 0.050 0.049 0.050 0.050 0.049 0.046 0.040 0.044
5 0.141 0.139 0.142 0.141 0.100 0.123 0.151 0.065
10 0.435 0.415 0.440 0.444 0.275 0.406 0.490 0.123
15 0.814 0.782 0.823 0.827 0.545 0.797 0.859 0.214
20 0.968 0.963 0.959 0.960 0.775 0.968 0.985 0.406
25 0.995 0.994 0.988 0.989 0.905 0.997 0.997 0.649
30 1.000 0.999 0.990 0.989 0.972 1.000 1.000 0.829
40 1.000 1.000 0.999 0.999 1.000 1.000 1.000 0.993
50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

Samplesize
'¸�óð."7|

0 0.049 0.049 0.053 0.053 0.049 0.043 0.049 0.058
5 0.232 0.231 0.233 0.233 0.167 0.208 0.262 0.074
10 0.768 0.753 0.765 0.765 0.485 0.728 0.796 0.145
15 0.984 0.974 0.984 0.986 0.822 0.980 0.989 0.299
20 1.000 0.998 1.000 1.000 0.970 1.000 1.000 0.600
25 1.000 0.999 0.999 0.999 0.996 1.000 1.000 0.868
30 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.980
40 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table2: Temporaryshift signal. Empiricalpower for the
�P��-I�ù-�ð

testsin onethou-
sandexperiments,shuffling eachsample100timesto obtainapproximatecritical val-
ues,for differentsignal-to-noiseratios.

a » ª ��-
correspondsto thenull.

SNR
Proposed

Buckley Raz
Aerts von

% GCV AIC T AICC
et al. Neumann

Samplesize
'¸�h">|�ï

0 0.046 0.061 0.046 0.047 0.046 0.048 0.040 0.060
5 0.288 0.274 0.304 0.307 0.069 0.259 0.238 0.103
10 0.873 0.847 0.840 0.821 0.147 0.820 0.743 0.344
15 0.992 0.987 0.956 0.939 0.221 0.996 0.990 0.787
20 0.999 0.999 0.990 0.989 0.308 1.000 1.000 0.972
25 1.000 1.000 1.000 1.000 0.391 1.000 1.000 0.998
30 1.000 1.000 1.000 1.000 0.489 1.000 1.000 1.000
40 1.000 1.000 1.000 1.000 0.688 1.000 1.000 1.000
50 1.000 1.000 1.000 1.000 0.784 1.000 1.000 1.000

Samplesize
'¸�ó|�ð�ñ

0 0.050 0.049 0.050 0.050 0.049 0.046 0.040 0.044
5 0.604 0.569 0.615 0.617 0.096 0.511 0.475 0.121
10 0.993 0.988 0.974 0.976 0.205 0.986 0.971 0.515
15 1.000 0.999 0.996 0.996 0.397 1.000 1.000 0.939
20 1.000 1.000 0.999 0.999 0.609 1.000 1.000 1.000
25 1.000 1.000 1.000 1.000 0.781 1.000 1.000 1.000
30 1.000 1.000 1.000 1.000 0.888 1.000 1.000 1.000
40 1.000 1.000 1.000 1.000 0.975 1.000 1.000 1.000
50 1.000 1.000 1.000 1.000 0.995 1.000 1.000 1.000

Samplesize
'¸�óð."7|

0 0.049 0.049 0.053 0.053 0.049 0.043 0.049 0.058
5 0.872 0.866 0.874 0.880 0.126 0.837 0.765 0.186
10 1.000 1.000 0.999 0.999 0.406 1.000 1.000 0.755
15 1.000 1.000 1.000 1.000 0.708 1.000 1.000 0.997
20 1.000 1.000 1.000 1.000 0.886 1.000 1.000 1.000
25 1.000 1.000 1.000 1.000 0.981 1.000 1.000 1.000
30 1.000 1.000 1.000 1.000 0.998 1.000 1.000 1.000
40 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

9



Table3: Quadratictrendsignal.Empiricalpowerfor the
���ó-I�ù-�ð

testsin onethousand
experiments,shuffling eachsample100timesto obtainapproximatecritical values,for
differentsignal-to-noiseratios.

a » ª �
-
correspondsto thenull.

SNR
Proposed

Buckley Raz
Aerts von

% GCV AIC T AICC
et al. Neumann

Samplesize
'¸�h">|�ï

0 0.046 0.061 0.046 0.047 0.046 0.048 0.040 0.060
5 0.121 0.127 0.116 0.116 0.066 0.129 0.117 0.095
10 0.458 0.460 0.430 0.409 0.140 0.503 0.382 0.285
15 0.850 0.853 0.800 0.786 0.208 0.874 0.751 0.667
20 0.996 0.992 0.976 0.970 0.296 0.997 0.954 0.934
25 0.999 0.999 0.998 0.998 0.415 1.000 0.995 0.995
30 1.000 1.000 1.000 1.000 0.487 1.000 1.000 1.000
40 1.000 1.000 1.000 1.000 0.676 1.000 1.000 1.000
50 1.000 1.000 1.000 1.000 0.816 1.000 1.000 1.000

Samplesize
'¸�ó|�ð�ñ

0 0.050 0.049 0.050 0.050 0.049 0.046 0.040 0.044
5 0.247 0.243 0.243 0.240 0.085 0.243 0.208 0.109
10 0.848 0.847 0.828 0.826 0.177 0.872 0.733 0.478
15 0.998 0.996 0.988 0.987 0.334 1.000 0.988 0.911
20 1.000 1.000 0.999 0.999 0.536 1.000 1.000 0.997
25 1.000 1.000 1.000 1.000 0.715 1.000 1.000 1.000
30 1.000 1.000 1.000 1.000 0.837 1.000 1.000 1.000
40 1.000 1.000 1.000 1.000 0.965 1.000 1.000 1.000
50 1.000 1.000 1.000 1.000 0.992 1.000 1.000 1.000

Samplesize
'¸�óð."7|

0 0.049 0.049 0.053 0.053 0.049 0.043 0.049 0.058
5 0.465 0.465 0.458 0.456 0.109 0.516 0.393 0.168
10 0.995 0.995 0.994 0.994 0.352 0.995 0.986 0.691
15 1.000 1.000 1.000 1.000 0.636 1.000 1.000 0.996
20 1.000 1.000 1.000 1.000 0.846 1.000 1.000 1.000
25 1.000 1.000 1.000 1.000 0.961 1.000 1.000 1.000
30 1.000 1.000 1.000 1.000 0.994 1.000 1.000 1.000
40 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
50 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
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Table4: Empirical power usingRaz’s testandfour differentsmoothings.A uniform
kernelhasbeenusedand � ��">ö¡� ç$ç �0ñ�ð and

">|�ú
contiguousvalueshavebeenaveraged,

exceptat the ends. Rows for large SNR which madethe empiricalpower 1 for all �
havebeenomited.

SNR
Number of contiguous ordinates averaged

% û �hüIý û �óþ�þ û �óÿ�� û � ü����
Sinesignalwith

'¸�ó|$ð$ñ
0 0.049 0.055 0.062 0.061
5 0.106 0.123 0.143 0.147
10 0.297 0.421 0.515 0.556
15 0.685 0.810 0.896 0.905
20 0.908 0.959 0.979 0.978
25 0.986 0.999 1.000 1.000

Time limited shift signalwith
'¸�n|$ð$ñ

0 0.049 0.055 0.062 0.061
5 0.403 0.525 0.645 0.694
10 0.969 0.990 0.994 0.998

Quadraticsignalwith
'��n|$ð$ñ

0 0.049 0.055 0.062 0.061
5 0.266 0.240 0.243 0.195
10 0.904 0.877 0.787 0.659
15 0.999 0.998 0.988 0.942
20 1.000 1.000 0.999 0.997
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Figure1: Draft selectionnumberby dayof yearin the1970U.S.LotteryDraft. Super-
imposed:a cubicsplinefit with smoothingchosenby GCV.
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describedin Hutchinson(1986) for the computationof crossvalidatedsplines. For
othergeneralpurposeroutines(likeFFT andrandomnumbergeneration)we turnedto
the public domainpart of the PORT3 library ( c

�
LucentTechnologies,Inc., available

from Netlib). Codefor thedifferentteststo comparewasalsowritten in FORTRAN.
Summarizationof the resultsand the only graphin the paperweredonein S-PLUS

( c
�

MathSoft,Inc.).

4.2 An illustration

Figure1 shows theresultsof the1970U.S.Lottery Draft, with a splinesuperimposed
(thesmoothingwaschosenusingGCV). A lottery washeld to determinetheorderin
whichmenin military agewouldbecalledinto activeservice.An urnwassetwith one
ball for eachdayof theyear, thenall ballswereremovedandtheorderof extraction(the
“draft number”)recorded.The fairnessof the procedurewaslater challengedon the
groundsthat the allocateddraft numbersdid not appearto be sufficiently “random”;
men born in early monthsappearedto have beenassignedsignificantly larger draft
numbersthan thoseborn later in the year. Subsequentinquiry suggestedthat balls
enteredtheurn in dayorder, andtheurnwasinsufficiently shaken.

To testfor randomnessagainsta smoothalternative,we canusethetestdescribed
in Section2. Thevalueobtainedfor

C
GCV is 10683.36.It is thesecondsmallestout of

five hundredreplications,permutingeachtime the
� �

’s. Therefore,thenull hypothesis
of no trendcanbequiteconfidentlyrejected,evenat the0.01level of significance.
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5 Some remarks

Thetestdescribedin Section2 canbeuseddirectly assuch(seefor instanceGutiérrez
andTusell (1997))or asa test for a flat spectrum,by fitting a cross-validatedspline
to a periodogram.Sinceautocorrelationin residualstranslatesto non-flatspectra,this
wouldyield a testagainst(fairly general)autocorrelation.

Finally, wewould like to pointout thattheproposedtestnicelyadaptsto situations
in which therearemissingandunequallyspaceddata,so far as the exchangeability
assumptionimpliedby a permutationtestis met.
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obscuritiesaremy own. This work waspartly supportedby theSpanishMEC (grants
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